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SYUOPSIS 


Differential equations with delayed arguments, 
differential equations with advanced arguments and neutral 
differential equations go imder the name of differential 
equations with deviating arguments or more generally 
functional differential equations Out of these three 
types of equations, differential equations with delayed 
arguments are most important due to the frequent occurance 
of these equations in applied science and technology* 

Although the rate of occurance is less in case of neutral 
differential equations still these equations do have 
practical importance which may he realised from the work: 
of R*D Driver and R K. Brayton [ "A functional differential 
system of neutral t 3 ^e arising in a two "body problem of 
classical electrodynamics’* Int. Symp. nonlinear diff* 
equa* and nonlinear mech., Ed* J*P<» ItaSalle and 
S. Lefschetz, A.P., 1963, pp 474 and ‘'Bifurcation of 
periodic solutions in a nonlinear differential equation 
of neutral type’’ Quart* ^pl* Math , 24(1966), 215—224 ] 

The theory of differential equations with delayed 
arguments is well established. But much is not known 
about neutral differential equations* This is due to, 
among other things, lack of a suitable metric* However, 
in recent years, some results Were obtained by &*A Kamenskii 
Il*D Driver, J*K Hale, K,R. Meyer and M A, O^z* 



All but Kamenskii studied a class of neutral differential 
equations in which, the derivative with delayed argument 
occurs linearly. The equation studied by Hale and Cruz 
is more general than the one studied by Driver But they 
used different metrics Hale and Cruz, in their work, 
covered problems like the existence, uniqueness, continuous 
dependence of solutions, variation of constants formula and 
stability of solutions . 

In this work, in contradistinction to that of Hale 
and Cruz, we consider a class of neutral differential 
equations in which the derivative with delayed argument 
does not necessarily occur in a linear fashion. But this 
work neither includes nor is included m the work of above 
mentioned authors For our work we use the well-known 
bounded variation norm for the space of absolutely 
continuous functions. 

The present thesis is divided into five chapters • 

The first chapter deals with the existence, uniqueness, 
extended existence and continuous dependence on the initial 
data, right-hand side of the equation and parameters of 
solutions of the neutral differential equations of the type 

(*) If = 

where fj(a,b) x D — ^ and D is an open set in AO(I^), 

the space of absolutely continuous functions 'll [-^,0] — 

Here x^ [-*c,0 ]— defined by x^(e) = x(t+e), teCa,b) 
and xGAC((ai-T,b)) . In this case it is postulated that 



(ill) 


satisfies* besides other conditions, Lipschitz 

condition. 

In Chapter 2 an attempt has been made to relax 
the lipschitz condition on the right-hand side of the 
equation (*) by some other regularity condition This 
enables us to establish simple existence of solution of 
(*) under more general conditions Precisely speahing, 
the lipschitz condition is not implied by the regularity 
condition, which is illustrated by an example, but the 
existence theorem in Chapter 2 establishes, as a corollary, 
the existence of solutions of the autonomous equation 

(*♦) ^ 

under conditions of the corresponding theorem of Chapter 1 
A theorem concerning the global existence of solutions of 
(*) IS also given here. 

In third chapter we deal with the equation (♦) 
where f(t,x^,x^) is linear in x An existence theorem 
for the solution of such an equation and a representation 
of solutions has been given. Some theorems concerning 
the variational system are also obtained. 

Chapter 4 concerns periodic solutions • Theorems 
establishing the existence of periodic solutions of the 
linear system (*) and the quasi-linear system 

= f(t,x^,*^) + h(t,x^.,i^,y) 


have been proved for small V 



The stability theory has been discussed in the 
last chapter* Two types of stability are defined and 
theorems on stability, uniform stability, uniform 
asymptotic stability, exponential stability have been 
proved with the help of Liapunov functionals* Also some 
of the converse theorems have been obtained 


Chapter o 

IHTROETJGTION 


0.1 OLASSIEIOATIOH 

Differential equations with, deviating arguments 
were encountered in the work of L^ler, but these equations 
were studied systematically in the twentieth century to meet 
the needs of the applied science and technology, specially 
of control theory. 

In the last two decades the area of application of 
differential equations with deviating arguments has greatly 
eacpanded and such applications are not only felt in physics 
and technology but also in some areas of economics and 
biological sciences. This abundance of applications has 
increased the interest in the theoiy of differential equations 
with deviating arguments and a lot of papers, in mathematical 
literature, have been devoted to such equations » particularly 
in Soviet Union and United States (see bibliographies in [2l, 
flO 1 and [11] ) . 

Differential equations with deviating arguments are 
differential equations in which the unknown function enters 
with several different values of the argument. The following 
shows the variety of such equations* 
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(0, 

.ll 

>1) 

x(t) 

= 

f(t,x(t) ,x(t- 

■T )), 

(0 

1 

2) 

x(t) 


f( t,x( t) ,x(t- 

T^),x(t-Tg)), 

(0 

1, 

.3) 

^(t) 


f(t,x( t) ,x(t- 

T(t)),x(t-T(t))) 

(0. 

.1 

4) 

r(t) 

= 

f(t,x(t) ,x(t/2) ,x(t^) ) 

(0, 

.1 

5) 

x(t+’ 

0= 

= f(t,x(t) ,x(t+T ) ,x(t) ,x( t+r) ) 

(0 

1 

6) 

±(t) 


f(t,x(t) ,x(t/2>,z(t-e“'’")) 

(0, 

.1 

7) 

±(t) 


f(t,x(t) ,x(t~ 

■t) ,±(t-T )) 

(0 

1 

8) 

±(t) 


f(t,x(t) ,x(t- 

T^),x(t-Tg)) 

(0 

1 

9) 

x(t^ 


f(t,x(t-T) ,x(t),x(t+T)) 

(0 

1( 

.10) 

±(t) 

= 

f(t,x(t) ,x(t_ 

T(t)),±(t~T(t))) 

(0 

1 , 

.11) 

*(t) 


f(t,x(t) ,x(t~ 

T(t)),x(t-T(t)),S:(t-T(t))) . 


Differential equations with retarded arguments 
are differential equations with deviating arguments In 
which the highest order derivatives of the unknown function 
appear for just one value of the argument and this argument 
is greater than or equal to all arguments of the iinknown 
function and its derivatives appearing in the equation* Por 
example, equations (0*l*l), (0,1.2), (0,1,5), (O.l 4), (o,l,5), 
(0»1,6) ahd (O.l.ll) are equations with retarded argumeni® 
ifT>o in (0.1,l),T >0 and >0 in (0.1,2 ),t (t)>0 in 
(0.1,3), 0<t<l in (0,1,4) and so on 

Differential equations v/ith advanced arguments are 
those with deviating arguments in which the highest order 
derivatives of the unknown function appear for just one valn^ 
of the argument and this argument is less than or equal to 
all arguilients of the unknown function and its derivatives 
appearing in the equation® Iter example ^0,l*l),(0»l,2),(0»1.3) 
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are equations witJi advanced arguments if <0 in (0 1.1), 

T^<0 and ”^^<0 in (0.1.2) and ^(t) <0 in (0.1.3), 

All remaining types of differential equations witii 
deviating arguments are called differential equations of 
neutral type. Por example, equation (O 1 4) for t>l with 

and (0.1 S) with 0 aiad ^ ° 

It IS interesting to note that an equation may "belong 
to one of the above mentKjned types on one set of values of 
t and to another type on another set. A typical example of 
such an equation is the equation (0.1.4) which, for CKt<l, 
is of retarded type, for tCO, is of advanced type and, for 
t>l, is of neutral type. 

An analogous classification also valid for systems 
of differential equations. In that case it is sufficient to 
change the word ’’function” to '♦vector functionV ^ all 
defxnitioiis i 

Equations mth retarded arguments and equations of 
neutral type are encountered in many applications. But 
equations of advanced type are rarely encountered. Neutral 
equations and equations with retarded arguments describe many 
physical and sociological processes with ’’after effects” 

Differential equations with retarded arguments are 
also some times called delay differential equations or hystero- 
differential equations* Yet another terminology used in this 
connection is ’’differential difference equations ’iS. 
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It is quite possible that the delays in above 
mentioned equations not only may depend on the independent 
variable ^t' but also on the unknown function as in the 
following examples 

(O 1,12) ±(t) = f(t,x(t) ,x(twT(t,x(t))) ) 

(0,l,l3) x(t) = f(t,x(t),x(t-T^(t,x(t))),±(t-.Tg(t,x(t)))) . 

In this work we shall be concerned with those 
differential equations of neutral type which are often 
encountered in applications. Since t usually stands for 
time in applications, we shall be interested in continuing 
solutions in the direction of increasing t. 

The simplest type of differential equation of neutral 
type IS given by the equation (0»1 7). In a more general set 
up, we consider the following equationt 

(0.1.14) ±(t) = f(t,x^,*^) , 

where f (a,b) x D — is n-dimensional Euclidean space, 
(a,b) IS an interval in the real line and D is an open set in 
AC( [-t,.o],B^), the space of absolutely continuous functions 
t|)j[-T,0] -*-> Here [ - t,0 ] is defined by 

x.(0) =sx(t+0) for te(a,b) and an absolutely continuous 

i? 

function X (a-T,b) — > E^' Thus the function f depends on 
whole behaviour of function x ahd its derivative on [ t— T,t] • 
Equations of the form ( 0.1.14) are called functional 
differential equations of neutral type or neutral functional 
differential equations (BDENT) 



In the following we formulate the initial value 
prohlem for the system (O.l 14) « Let t^sCa,!) and 0GB, 

Ihe initial value problem consists in determining an 
absolutely continuous function x [tQ-T,t^+a] — a>0, 
tQ+a<b, such that (i) x^GD, for te[t^,t^+a], (ii) x^ = 0 

and (ill) x(t) satisfies (0 1 14), for tG [t^jt^+a] . In that 
case 0 IS called an initial function and x(t) is said to be 
a solution of (o.l l4) in [t^jt^+a] 

Equation (o.l 14) includes the following equations 
(i/el 15) x(t) = / K(t,0)x^(e)d9 + / K'"'(t,e)it^(0)de 

“ T “ 

(o 1 16) x(t) =[ / K(t,0)x. (0)de 3^ + [ / K*(t,0)±, (0)de] ^ 

1 _T ^ 

0 0 

(0.1 17) x(t) = f dg n(t,0)x^(0) + / K^(t,0)±^(0)d0 

0 p Q* p 

( 0 1*18) x(t) = [ / dg T)(t,0)x^(0) r + [ f K^(t ,e)±^(e)d0 ] 

It also includes ■’"he following as particular cases 

0 0 

(0.1a 19) 5;(t) =: / dgn(t,0)x^(0) + / d^rf (t,0)±^(0) 

(0.1.20) ±(t) « x^(0) 

But the study in this work is not applicable to systems 
(0,1.19) and (0 1.20) 

0,2 HISTORIOiO:. NOTES 

Differential equations with deviating arguments have 
been extensively studied by El*sgol*ts [lO^ll], Bellman anu. 
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Cooke [ 2 ] , Myshkis [29j30 ] , Pinney [32] ^ Krasovskii [26] ^ 
Shimanov [34,35,36] and many otliers Por comple'te bibliography 
one may see Zverkin, Kamenskii, Horkin, Bl*sgol*ts [42,43,44] 
The functional differential equations (PDE) , a generalization 
of the differential-difference equations, were first 
systematically studied by Krasovskii in his monograph [26] 

In recent years a lot of efforts have been devoted to PDE 
Hale [14-18] , Halanay [12] , Krasovski! [26] and Shimanov 
[34,35,36] made important contributions to the theory of 
EDE Oguztoreli [ 3i] has studied FEE with infinite delays- 
Many results from the theory of ordinary differential equations 
have been translated to the general set up of FEE which enables 
one to construct a fairly general theory of such equations, 
Eifferential equations of neutral and advanced types are 
least studied. 

The theory of differential equations of neutral type 
IS not well developed despite the interest of many authors* 

In simplest equations of neutral type, the first difficulty 
arises because of the occurance of the derivative of unknown 
function with a retardation. This leaves much freedom in the 
choice of the metric on the solution space as well as on the 
space of initial conditions. The metric must be chosen in a 
way so as to obtain solutions which are at least continuous 
with respect to the initial data, 

Wright [ 39 ] and Bellman and Cooke [ 2 ] have considered 
neutral differential equations in case of constant delays. 
Infact Bellman and Cooke, in their excellent book [ 2 ] , have 
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discussed the existence and ^lnlqueness of solutions of first 
order linear neutral differential equations with constant 
coefficients of the following type 

(O 2*l) a.^x(t )4-a^x( t— T )+'b^x(t )+'b^x(t— T ) = h(t), a^T^Oja^j^O 

Exponential bounds and series expansions of solutions of 
(0.2 l) also have been obtained, They and Brumley [4] have 
studied the asymptotic behaviour and stability of solutions 
of homogeneous equations of neutral type 

(0.2 2) aQ±(t)+a^±(t-.T)+b^x(t)+b^x(t-T)»0, 0 

Most of these results have been extended, in general, to the 
following system of linear neutral differential equations with 
variable coefficients 

im-l m 

(0.2 3) z(t+T ) + £ A (t)^(t+T ) + Z B (t)z(t+T )=:h(t) , 
m n n n n 

t>t^, where A^(t) and are given M matrices (n*0,l, m), 

h(t) IS a given column vector of N dimensions and t ,<t , 

0 1 2 m’ 

and, in particular, to 

(0.2.4) 5;(t+ T)+a(t)5:(t)+b(t)x(t)+c(t)x:(t+r ) ?= h(t) . 

El‘sgol*ts [10,11] , Kamenskii [23,24] and Driver 
[ 7,8 ] have studied neutral differential equations with variable 
delays. In [ 23,24] , Kamenskii has considered the space of 
once continuously differentiable functions and used the following 
metriQf. 



8 


fa hr lx(t)-y(t)|+ sup lx(t)-y(t)l 

te[a,b] te[a,b] 

In [ 7 ] , Driver has indicated the shortcomings of the above 
me-tric and consequently used the metric 

b 

ll^ylir^ h]== Jx(t)-y(t)|+ / lxCt)--;^<t)ldt 

tela^bl a 

in the space of absolutely continuous functions* He established 
theorems concsxning- the local and extended existence, uniqueness 
and cen'tinunus dependence- of solutions for the following neutral 
differential equations 

(0.2 5) x(t)-f(t,x(t),x(g^(t)) , ,x(g^(t)),x(h^(t)), ,5:(hp(t))), 

t>t^, where x=(x^^ ,,x^) and f=(f^f and h^, ,hp 

were given functions such that, for some a<t^»a<g^(t)<t 
( 3 = 1 , .jm) and a<h^(t)<t, (lc=l, , ,p) for t>t^ and where 

x(hjj.(t)) represents evaluated at ssh^Ch)* In case 

- 00 , all intervals of the form [a, should be replaced 
by (- . .Precisely speaking, Driver has proved theorems 

concerning the extended existence and uniqueness of solutions 
of the system (0.2.5) (Theorems 1 and 3 in t 7^ ) where he 
assumed, besides ot^ier conditions, the initial function 0 
to be absolutely continuous with the property that ] 2 J(t) is 
bounded for almost all t in Further he established 

Theorems (Theorem 2,4 and 5 and example 5 in [7 ] ) on the 
extended existence, uniqueness, global existence and 
continuaus dependence on the initial data and right-hand 


if 
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side of "blie equation of solutions of the following systems 

(0*2 6) ±(t) x f^^^(t,x(t) ,x(g(t)))+.f^^^(t,x(t)yx(g(t)))±(h(t) ), 

t>t^. Here g(t) = (g^(t), ..,g^(t)),]a(t)=(li^(t) , 

and the restriction on ^(t) is dropped 

Hale and Meyer [l9] have investigated a class of 
functional integral equations of the typ)e 


(0.2.7) 



x(t)=tY(t .i2()+g(t,x;. )+ / f(s,x )ds+/ h(B)ds,t>^t , 

u 0 ^ S ^ O 

0 0 

where t^G[tj,“>), 0 gO 5 0( [-^,0 ]fE^) , the space of continuous 
functions mapping [-Tj,o] into , g and f are continuous 
functions from [or,°o) ^ 0 into such that, for each tG[a,«), 
f(t, ) and g(t, ) are linear operators, hGli^([t^,“),E^) and 
Y(t^,jZf) * 0(O)-g(i^j,^) • Equation (0«2,7) includes certain 
classes of neutral equations They established theorems 
concerning the existence and uniqueness of solutions of 
(0*2.7) and obtained variation of constants formula. Further 
they investigated autonomous, homogeneous equations 


X ^ 0 

0 ^ 

( 0 . 2 . 8 ) ^ 

x(t)^ Y(j2f)+g(x. )+ f f(x )ds, t>.0, 

■u 0 s 

where y(0)^0(o)-‘gi0) t ^ some detail and derived some stability 
theorems for the quasilinear system 
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- 0 

(029)° ^ ^ 

x(t)=‘Y(0)+g(x )+ / f(x )ds+/ 5'(s,x )ds 

^ t ® t ® 

o o 

Here 1 is a continuous mapping from [ a,°o)x Gj^ into 
where |]!2^1| < H}, and further it IS assumed to be 

Lipschitzian in the second argument on all of [(J,“) x 0^^ 
and |l’(t,0)| = o(lj 0 jj) uniformly in t as 11 011 - 0 

Hale and Cruz [20] formulate a class of hereditary 
systems which, includes all functional differential eq^uations 
of retarded type, Volterra integral equations and difference 
equations • This formulation also includes a class of BDEHT, 
where the derivative i. of the unJmown function x occurs 
linearly in the equation in a very particular fashion. The 
class of equations considered by Driver [7] and Hale and 
Meyer p.9] are particular cases of the above formulation. 

We give this formulation below 

Let n denote the family of all compact subsets of 
the real line R and let ^ . Let zero be the maximal 

element of A Let C(A)-5 C(A,B^) be the space of continuous 
functions with domain A and range in with supremum norm. 
Let I be a connected interval of R, a be a continuous 
mapping of IxA into R such that a(tjA)6 fJ>a(t,0)<t, 
a(t,e)<. a(t, p),a(t,0)sst, for all tGl, e<peA, Eor any 
function X mapping the range of a into E^, an operator 
S}Ix(x) -^C(A) IS defined by the relation 

(S^x)(0) — x(ocC^»9))» OSA, tGl 
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The triplei; (A,ajS) is called a hereditary structure* 
let g IxO(A) — and f IxO(A) — A hereditary 
differential equation is a relation of the form 

(0.2 10) [DCt)S^x]= f(t,S^x), 

where D(t)0’=$2((o)-g(t)52^) , tGl, 0GC(A) Choosing g, A and a 
suitably, the equation (o 2.10) may be reduced to fimotional 
differential equations of Retarded type, Volterra integral 
equations and difference equations If A=[-t,0],t >0, 
a(t>8)=t+0, then the equation (0,2,10) reduces to 

~ [x(t)-.g(t,x^)3 = f(t,x^), 

that IS, 

(0.2, ll) x(t) = g^(t,x^) + g^(t,x^) f(t,x^). 

Clearly (0,2 ll) is a neutral equation in which occurs 
in a linear fashion. 

In [ 20 ] , Hale and Cruz established theorems 
concerning existence, uniqueness and continuation of 
solutions of (0,2,10). They ha^e also studied the continuous 
dependence of solutions of (0,2*10) on the initial data 
and para^iieters « 

Here, as a remark, v/e mention that in this work v;e 
are studying a class of PDENT which neither includes those 
of Hale and Cruz [20 ] nor is included in their class of 
equations It is important to note that in this case the 
derivative i(t) of the unknown function x(t) need not to 
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occur linearly However ^ llie norm, considered for our work, 
prevents us to consider some important neutral eq^uations of 
the form (0.1.19) ahd (0.1.20), 

Mother aspect of neutral equations have been 
studied by Vasileva [38] . In [33] , the behaviour of the 
solution of 

(0 2 12) ±(-t) = f(t,x(t), x(t-T), i(t-t)) 

under the initial condition 
(0 2.13) x(t) = 0(t), te[ 0 ,T], 

as t"*0 has been investigated. Ihirthermore, asymptotic 
formulas with a remainder tem of order t^, possessing a 
uniform character in the entire interval of variation of t, 
have been written for x and ±. 

Rozhkov I33] established theorems concerning the 
existence of a periodic solution of period “of the equation 
(0.2.12) for sufficiently small "'^>0 with the assumption that 
the degenerate system 

(0.2.14) 5:(t) =s f(t,x(t) ,x(t),±(t) ) ,x(0) = 0(o) 

has a periodic solution of period w and an asymptotic 
representation in powers of the small lag for this 
solution has been constructed. 

Brayton [3] has investigated the problem of 
existence of periodic solutions for small parameter ® 
of the equation 
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(0*2 15) x(t)-ax(t-T)+px(t)+aYx(t-T)= e f(x(t)) 

Hale and Cruz t2l,22] in continuation of tHeir 
study of PDEHT (O 2 ll) , estallished the variation of 
constants formula and theorems on stability, uniform 
stability, uniform asymptotic stability of the trivial- 
solution of (0.2 ll) , They also have discussed the 
boundedness of solutions of the nonhomo geneous systems 

(0.2 16) ~ [x(t) - g(t,x^)] = f(t,x^) 4-h(t) 

(0.2.17) [x(t) - g(t,x^) ~ H(t)]t= f(t,x^), H(t^)= 0 

where f,g,h are same as in (O 2.7) and HG0([a,'°), E^). 

0. 3 GOHMIS OP THE PBESENO} WOBK 

The present work has been divided into five 
ch^ters. We consider a class 6f neutral functional 
differential equations of the following type: 

(0.3.1) ^ = f(t,x^,±^) , 

where f (a^b) x D — > (a,b) is an interval in the real 

line R, is Euclidean nr-space and E is an open set in 

1. G(UT,o]), the space of absolutely continuous functions 

V* Ut,o] -— > E^ let A0((a,b)) denote the space of absolutely 
continuous functions x:(a,b) — > E^ , For xGA0((a,b)), the 
norm of X be given by 

ll^li(a,b)* + / li(9)ld0 

Si 
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In equation (O 3 l) , st^ds for tlie translation of the 
restriction of xeAO( ( t,!) ) to [t-T,t] , teCa,!), and is 
defined hy x^(e) = x(t+e), ee[-T,0] 

By a solution x(t,t^,0) of (O 3,i) in [t^,t^+a ] , 
a>0, t(^+a<h, with initial function 0GB at t^G(a,b) we mean 

ix 

an absolutely continuous function x( ,t^,0) [t^-T,t^+a] — '>E 

such that x.GB, for tGtt ,t +a]» x . = 0 and x(t,t ,0) 
u 0 0 0 

satisfies the equation (O 3 1) for tG[t^,t^+a] 

Chapter 1 deals with the local existence and 
uniqueness of solutions of the equation (0.3 1) when the 
right-hand side of this equation satisfies, besides other 
conditions, the Lipschitz condition, A theorem concerning 
the extended existence of solutions of (0,3,l) has been 
established. Continuous dependence of solutions of the 
equation (o,3 l) on initial data, paPajneter and right-hand 
side of the equation has been studied The basic tool for 
such study is the well-known G-ronwall’s lemma. Some examples 
have been considered to illustrate the applicability of "the 
results 

In Chapter 2 an effort has been made to relax the 
lipschitz condition on f in (o 3 i) by some other regularity 
condition This enables us to establish simple existence of 
solutions of (0,3,l) under more general conditions Precisely 
sepaking, the lipschitz condition is not implied by the 
regularity condition, which has been illustrated by an 
example, but the existence theorem in Chapter 2 (Theorem 12) 
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establishes, as a corollary, the existence of solutions of 
the autonomous neutral equation 

(0 3 2 ) ’ 

under the conditions of the corresponding theorem m Chapter 1 
(Theorem 4) A theorem on the global existence of solutions 
of (0,3. l) has been proved. 

Chapter 3 has been devoted to obtain a representation 
of solutions of (0,3,i) where f(t,x^,x^) is lineal and 
continuous in x for each t. Theorems on the existence of 
solutions of a nonhomo geneous linear system and of a system 
adgoint to the homogeneous linear system have been proved. 

In Chapter 4 the equation (0,3 l) has been considered 

where f(t,x, ,±. ) is lineal in x and periodic in t of period , 

"G 

Theorems concerning the existence of w-periodic solutions of 
(O 3,1) and of a quasilinear system 

(0»3,3) =3 f(t,x^,;i^) + h(t,x^,3fc^,y ), 

where h (a,“)x AC([-.t,0]) x[ have been 

established for sufficiently small v 

The stability theory has been discussed in the last 
chapter. Two types of stability have been defined and theorems 
on stability, uniform stability, uniform asymptotic stability, 
exponential stability have been proved with the help of Liapunov 
functionals « Also some of the converse theorems have been 


obtained 



GBABTm 1 


E2IS:EEN0E. uniqueness ■tilJD GONTIMJOUS BBPEIiDEITCB 
0^ 'solutions with LIPSGSITZ GOIDITIOE 

1.1 EOTATIOES 

The following notations are used throughout this 
work. Let E^ denote the Euclidean ii-space and jxj stand 
for any Euclidean norm let R and R denote intervals 
(-. co^oo) a 2 id [0,”) respectively. Eor teR, I^=[t-T,t 1 , t >o 
Let AC(I) denote the space of absolutely continuous functions 
X I — >E^, where I is an interval of R, and for xeAC(l), 
the norm of x he given hy 

(1.1.1) 11 X jU = lx(a+)j + / lx(t)| dt, 

I 

where ’a’ is the left end point of I. When aBl then x(a+) 

IS replaced by x(a) in the definition of the norm of x. 

It is known that the space AG(l) with the norm (l l.l) is 
complete and hence is a Banach space Let W(l) denote the 
space of functions x I “->E^ of bounded variation Eor 
xeBV(I), 

(1.1.2) l^lj = |x(a;f)l + V(x,I), 

where Y(x^I) stands for the total variation of x on I ahd is 
given by 

m 

VCx»I) <« sup S jx(b )-x(a )1 , 

i«l ^ ^ 
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where the supremum is taicen over all finite sets of points 

a ,13 6 I with a.< 13^< a„< l3r,^» <a < b . It is well-known 

that B7(I) with the norm (l 1 2) is a Banach space Some 

times we write V(x,I) as Vx, let I- (I) denote the space of 

I 

Lebesgue measurable functions x mapping 1 into E such that 
jx(t)[ IS integrable in the sense of lebesgue and, for 
xGl^(l), the norm of x be given by 

11 X IL = / |x(t)l dt 
^ I 

We shall denote by 1(^(1) the space of essentially bounded 
Lebesgue measurable functions x with domain I and range in 
and for xGL^(l), 

11 IL = ess sup lx(t) I 

tei 

1 m 

Bor an Ixm matrix A, we define 1^1= E S I^'ttI 

1=13=1 

ACjj(lo) '('GiC(I^)l ll’f’llj< H >, where H is any positive 

constant* Bor any interval (a,b) in R and for 3cGAC((a-.T,b)) , 
we denote x^ as the translation of the restriction of x to 
the interval I^, t6(a,b) . In other words, for each t6(a,b), 

^t ^0 defined by x^(e) = x(t+e) Hence x^GAG(I^) for 

each x6AG((a,^T,-b)) and tG(a,b). It may be noted that, for 
t6(a,fe), II x^llj = II X lij- aid lx(-t)l < II X . In tUls 

O 

work integrals will be understood to be in the sense of Lebsegue 
or Lebesgue-Stieltoes • 
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1.2 eustsnge md miqueness oe solutions 


In this chapter we establish a local existence and. 
uniqueness theorem by the method, of successive approximations 
and an extended existence theorem. Further continuous 
dependence of solutions on initial data, parameter and right- 
hand side of the equation has also been studied. The basic 
tool for this study is the well-known Gronwall’s lemma Some 
examples have been considered as illustrations For the 
results in the present and following chapters we need the 
following 

LEMMA 1 A set Q in iiG([a^,b^] ) is relatively compact if and 
only if 

(i) it IS uniformly bounded 

h 

(ii) lim / [x(9+<J)- x(9)l d9 = 0 iiniformly in xGQ, 

0 a^ 

1 

where for 9G fe-^sb^], we define ±( 9 + 0 ) = 0 for 9 + 0 > b^ and 
x(9+a) = 0 for 9 + 0 < a^, 

Proof Let us assume that properties ( 1 ) and ( 11 ) hold good 
To show that Q is relatively compact it is sufficient to prove 
that every sequence in Q has a subsequence which converges to 
a point in AG( [a^,b^] ) . 

Let Q* be a family of functions y(- “»“) — •>E^ 
defined by 

x(a^) , te(- “,a^ 3 

y(t)=^ x(t) , te [a^,b^] 

^ x(b^) , te [b^,~) , 
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for xGQ let 9* = { yjyGQ*’ } So q* 

From assumption (i) it follows that is uniforml, 
bounded and assumption (ii) implies that 

oo 

lim / ly(0+a) - ;^(0)1 d9 = 0 uniformly in yG 

Further it can be easily verified that lim f jy(9)jh9 = 0, 

j 0 j > 

uniformly in yGfi* Hence from Frechet-Kolmogorov^ s theorem 
[41 ] it follov/s that Q,* IS relatively compact 


How we are in a position to prove that Q is relatj. oly 

compact* let < >C.Q* Then < y^ >C.Q* and < y^ >CSi* are 

sequences corresponding to < x^> Since ^ is relatively 

n. 

compact, the sequence < f > has a subsequence < y >, sa'' 
which converges to a point y* in wo obtain 


( 1.2 1 ) 


1 XL 

/ jx ^( 0 ) - y*(0)l do 0 as k ^ 


an 


^ n 

Corresponding to the subsequence < y > of < t > 


n, ^ 

consider the subsequence <x^>of<x > 


From assumptioi 


ru 

( 1 ) it follows that < x (^]_) is uniformly bounded 




Consequently < x ’^(a^) > is relatively compact in Hence 

^ ^ % 

< X "^(a^) > has a subsequence, say, < x ^(a^) '> such that 


( 1 . 2 , 2 ) 


n- 


X 


k. 


(aj - \ 


0 as 1 


where X^^GB^ * 


t 

Define x*(t) « X + / y*(9)d0, tG[a^,b^] . So 

x*GAC( [a^,b^] ) with x*(a^) = X^ and x*(t) = y*(t) almost 
every where in [a^,b^]. From (1,2 l) and (l,2,2) it follows 
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that 


11 X X.11 


[aith^]' 


0 as 1 




This proves the sufficiency part of the lemma 

In order to prove the necessity part of the lemma 
wo suppose Q to be relatively compact* This immediately 
implies (i) 


Suppose < So < y^ 

Since Q is relatively compact, < 
n, n, 

< >, say, such that 11 X - x**ll 

x**eAD( Ia^,b^] ) . Defining y** as 


>CQ* and < x”" >CQ 
> has a subsequence 

la,, hr 0 ^ 


y*^t)= 


( X**(a^), te(- a^ ] 

lx»*(b^), te[b^,~), 


we obtain 


°° n, 

/ Ithe) - ?«(e)| as 


0 as k 


and this proves that is relatively compact . Hence from 
Hrechet-Eolmogorov^s theorem we obtain 


/ lt(e+cr)- 5-(e)lde O as a-* O 

uniformly in ;^e fi* Prom this (ii) follows. 

This completes the proof of the lemma* 

Let D be an open set in AC(I^) We consider a class 
of neutral functional differential equations of the following 


type* 



where f (ajh) x D — > 

DEEINITIOIT 2 A fxmction x is said to he a solution of 


with initial function 0eD at t^e(a,h) if there exists an a>0, 

t +a <!&■, such that x [t -"'‘^.t + a) — is an absolutely 
o — 0 0 

continuous function with the properties 

(i) x.eD for te ft ,t + a) 

' ' t '•0 0 



(ill) X satisfies (l 2,3) for te [t^,t^4- a) 

We shall denote this solution hy x(t,t^,0) 

Let t^e(a,h) and 0£,D ^ Since D is open, there exists 
an r>0 such that 0eEj^(r)CD, where N^(r) = {'^GAGCi^) 1 11^-01 <r } 
We define a function [t^- ■’^,1) — >E^ as follows 

T (e) = 0(0), eel 

■^o ° 

(1 2.4) 

0(t) = 0(o) , tG[t^,h)» 

In what follows we show that there exists a , such 

that’p^^eD for tp [to»t^+P^l > sufficient 

to show that ll"?.- 0 111 < r, tG[t ,t +p. ] Nov\, for 

^ o 

tG[to,t^+Pl]» 

0 

= l‘0(t-t)-.0(~t)l + / l?(t+e)-0(9)l de 



o'-. 


= 1 'c~'t ) — 0 ( - t) j + f 1 $Zf(9)— ^( 9 — "fc) j d0 

° t- T 


+ / 1 $2f(e-t)| de 

t 

t ° 

|szf(t-T_t )-0(-T)j4. / I 0(e-t )-szf(6-fc I de 
° -fc- 1 ° 


+ f 1 0(9-'t)i de 
t -t 

jSZ((t-T-1: )-^(-t)| + / is2f(u4--t--fc )-i2f(u)| du 


+ / I ^(u)j du 
t -t 


< l$2f(t~T-.t )-S 2 ((_t)| +f l^fCu+t-t )-S2f(u)l du 

0 T O 


+ f i 0M I (i'u • 

t -t 
o 

Since 0 IS continuous, 0 is integrable and i 0 ) , singleton 0 , 
IS relatively compact, then from lemma 1 it follows that 
given r>0 we can select 6., 65 and 6„ such that for t-t 

where p^=min(6^,62,6g, t), we obtain l^^(t~T-t^)-^(-.T) j<r/6, 


^(u+t-t ) - 0{xi)\ du < r/6 and / l|^(u)jdu < r/6. 
0 t -t 

0 


Hence |j 'tS [t^jt^+P^l 


Suppose 0<r'Kr/4 and W^(r^)={xeAC( ft^-'^,t^+p^3 ) | 

Hx-^liy. „T t +6 3^ 3:*>* Then we claim that 
o” * o ”1 

for each tG [t^,t^+§^ 3 , Here (r*) denotes the closure of 
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For this, as xn the previous Case, it is to he 
shown that x^GN0(r) when (r*) and te[t^,t^+§^ ]* 

Now, for such an x and t, we have 




< lx(t-T)-.^(t-T)|+ f lx(e)-0 (0)lde+i| 0,-0113- 

t-T c 


< 2ll x-r0}j [t^-Tjt^+p^]"^ il ^t" 

< 2r* + r/2 

< r • 


This proves our assertion. 

SEFINITION 3 For a<n^<Tig<h, a function x [ t, n g ]— > is 

said to he admissible if 

(i) it is absolutely continuous, 

(ii) x^eE for te[nj^, Hg ] • 


It may be noted that and r\^ may be different for different 
functions 

Now we prove a local existence and uniqueness theorem 
for the equation (l.2 3) 


THEOREM 4 Suppose that the following conditions are satisfied 
(G^) f(t,x;^,x^) is measurable in t for each fixed admissible x, 

(Cg) I f(t,x^,Ji;^)l <. m(t) for all admissible x, where 
m (a,b) — is integrable, 

(Gg) lf(t,t};,i|i)-f(t, < L II teCa,b) and 


where L is a positive constant. 
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Then, for t^e(a,l3) and ^eh, there exists an a, 0<a< t, 

such that the system (l.2,3) admits a unique solution x(t,t^,J2f) 

in ^t^,t^+ a] with initial function jZf at t . 

o 

Proof: We define a function M:[t^-T,iD) ty 


( 0 » 

I u 

(1.2.5) M(t) =1 

I ^ 

I / m(s)ds, te [t ,b) . 

t ° 

o 

So M(t) is absolutely continuous and monotonic increasing with t. 

Purther, we define a function [t^- T,b) — as in 
( 1.2,4). Since D is open, there exists an r>0 such that 
0elf^(r)CD, Prom the above discussion it follows that there 
exists a 0<p^< t , t^+p^<b, such that for te 

and x^eP for xeN-^ (r*) and te [t^,t^+p^ ], where 0<r*<r/4 . 

We choose an a such that 0<a<p and M(t^+a)< r*. Such 
a choice is always possible because M(t^) = o and M(t) is 
continuous • 

We define 

x°(t) ='^(t) , te ft^-'r,t^+a] , and 

(1.2.6) xj (e)= ^(e) , eel 

x^(t) = ^(O) + / f(s,x^^, Xg"^)ds, ■fcSf'fcQjt +a3 » 

"b o o 

o 

where k =: 

k “T 

Now we prove that x s are well-defined. Clearly x^ is 
defined. Suppose that x^,x^,...,x^ are well-defined. To show 
that is also defined, it is sufficient to prove that x^ 



is a restriction to [t^- 'r,t^+a] of a function in (r*). 
We define a function 2^ : [t -T,t +p 1— >E^ as follows: 

O 0 1 


(1.2,7) 


x^(t) 


, te[t -T,t +ocl 

±^(t^+a) , tG[t^+a»t^+^^] . 


Clearly 


is an absolutely continuous function. 


Now 


II ^^-^ll[t -T,t +p r l5^(t)-'5((t)|4t 

0 O 1 *t/ 

0 

= f Ix^(t) - IfCt) 1 dt 

t - T 

o 

t +a 

= / at 

t +a 

< / m(t) dt 

“ ■^o 

< M(t^+a) 

< r* , 


This proves that x^eN^(r*), Hence from the definition of 
our assertion follows . By induction it follows that x^s 
are well-defined for all lc=l,E,,.. . 

In the following we show that the sequence < x^ > is 
Cauchy in jAC( [t^- T^t^+a] ) ■ Bor this we first prove that 


x^ll p, T + j. +oc) 


r'k. k 

1 g 

"TT 


whence from the triangle inequality the result is obvious. How 



(1.5.8) 

t +a 

= |x^+i(t--T).x’"(t -1)1 +/ li’"+i(t)-xV)l at 

u u *b ^ t 

o 

•to+a 

= / 1 x^+^(t) - x^(t)l dt 

t 

0 

t +a 

= / 1 f(t,x^, ) - f(t,x^“^, X^”^)l dt 

"b 

o 

t 4-a 

< L / li - ^'Hz 

° 

Itirther, for tG ]» obtain 

(1.2.9) 11 x^J^"^|lj 

*tr 

t 

= |x^(t-T)-3?^^(t-T)| + / |±^(e) - x^^^^Ce)! de 

“b— • 

= / I ±^(e) - de 

^o 

= / j f(e,x^^, - f(e,x^^,5^”^)l de 

■^o 

<L/ 

to e e "b 

< ii / II ae . 

But, for te [■^o>'^(j+a ] , 



(1.2.10) 11 x^-z°llj 


= lx^(t-T)_x°(t-T)i+ / i±i(e)-x°(9)l de 

j. ■fc-'T 

to+a 

< / 1 i^(0)| ie 

"^0 


■t^+a 
o 


< /’ 1 f(e,x°,x°)} de 


B' e 


0 

< M(t +a) • 
— ' o 


Prom (1.2,9) and (l,2,io) it follows that 

(t— t 

(1.2.11) llx^-x^”^!!^- < 1^"^ M(t^+a) — 

'fc 


Using (l.2,li) in (1.2.8) we obtain 

( 1 . 2 . 12 ) 11 ^ 


M(t^+a)I.“ 


jX 

Prom (1,2. 12), our assertion that the sequence < x > is 
Cauchy in AC( [t^-x^t^+a] ) follows because 


m-1 




m-1 -rk k 

< 2 M(t„+a) 

k=n 


ycc 

o Fl 


and 2 


m-1 jjk^.k 


k=n 


o as n -* «> and m 


Since the space AC( [t^-T,t^+a]) with the norm |i.|{ [t_T,t^] 
is complete, there exists en element tP in A0( tt^— t^+a^ ) 


such that 
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(1.2.13) |x^-x°lj 0 as k -* “ . 

Now we prove that x° is an admissible function. We 
define functions as in (1,2.7) and a function x°: [t-T,t+p.^]— > E 
as follows: 


(1.2.14) 



te [t^-Tjt^+a] 

tG * 


So x^, x° e AC( [t -\t +B.]). Further, we have shown that 
’ o o 1 

x^eN^ (r*) and since 

from (1.2,13) it follows that x°el-^ (r*) . Hence x°eD 


and so x° is an admissible function , 


Since j| x° - 52^lli=llx° - x^ H^i |lx°-x^llj-^ ^ , 

O 0000 0^0 

from (1.2, 13) we obtain xj = 

^0 

In the following we show that x°(t)j tG [t^ ,t^+a 1, 
satisfies the integral equation 

t 

(1.2.15) x(t) = 0(0) + / f(s,x ,± ) ds. 


Since, for te [t ,t + a ] , 




from ( 1.2, 13) we obtain 


IdLia x^(t) = x®(t) . 
k-“ 



29 


Also since, for tGEt^jt^+a 1 , 

H x^- = / I ±^(e) - *°(e)| de 

“b— 

< S 1±^(g) - x°(e)l de 

t -T 

o 

< II ^ ^ ] , 

O O 

we have 

^ "b 

I / f(s,Xg“^,±^”^) ds - / f(s,x°,±g)ds| 

< / I f(s,x:^"^T *s"^) - f(s,Xg,xpl ds 

< L / 11 x^“^- 11 I 

<1 11 x^^-x°llj;^ ^ ^ +a3 { 

<1 a llx^“^-x°llp^ ^ ^ ^ . 

*• 0^0 •* 

Hence passing to the limit as k — °o in (1.2,6) we obtain 

x°(t) = 0(0) + / f(s,x°,x°) ds 
"b 

o 

Tor Ir^ fb^ , t^+a] • This proves that x (t) is a solution of 
(1.2,3) with initial function 0 at t^. 

In the following we show that the solution x^(t,t^,0) 
is unique. let y*^('t'»t^j0) be another solution of (l.2,3) 
in [t^jt^+a ] with initial function 0 at t^. We set 
x°(t) = x°(t,t^,0) and y°(t) = y°(t,tQ,0). How we prove 
that x®(t) = y°(t) for te [t^jt^+a 3 . If possible let there 
exist a ■fcq6(t^»t^+a3 such that x°(t^) ^ y°(t^) . Let 
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|x°(t^) _ y°(t^){ = c^> 0, Since jx°(t^) _ 3 r°(t^)j < 

-T,t^+a3’ possible to set ||x°-y°H^^ 




where c^> 0, But 


(1.2.16) II x°-y°|| 


t^+a 


dt 


t^+ct 




”fc 4"(X 

O 


< li / ll X°- yjjl - dt 


cOid, for tett^jt^+a] , 


(1,2,17) ll x°-y°{lj = 7 l±°(s) - f°is)\ ds 

t 


< I. / j| x° - y° llj do , 


Again since, foi tG Eb^,t +a] * 




o _ 0 | 


o ^ o 


+a j 


from ( 1,2, 17) it follows that 
o „ 0 | 


ll X -y 11^ < L C^(t-t^) 


f^or te 3 «* Repeating the process n-times we obtain 


(1.2.18) II x°-y°ljj < iP- c^ --- j — 

n 

<=1 sr 


n 



From (1.2, 16) and (1.2, 18) we obtain 
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a 


n+l 


ni 


So 11 x°-y°ll 0 as n CO, that is,|lx°-y°ll =0 . 

Consequently, [x°(t^)-.y°(t^) 1 =0 . This contradicts our assumption 

that lx (t^)— y (t^)l=c^>0. So x^= y°. This completes the proof 
of the theorem. 

In the following we prove an extended existence theorem 
for the system (l.2,3). 


THEOKEM 5. Suppose that the conditions of Theorem 4 are 
satisfied. Then, for t^e(a,b) and (ZfeD, there exists a 

such that the system (l,2,3) admits a unique solution 
2:(t,t^,J2f) in Ct^,p) with initial function 0 at t^. If p<b 
and p can not be increased then 3^ is not an interior point 
of D, where xj T,b) — >E^ is defined as follows t 


x(t) 


> te{t^-T,p) 


[ x(p~o,t^,0) , te[P,b) . 

The existence of x(p— 0,t ,0) has been shown below 

o 

Proof: For ■toi‘fc]^<t2<P , we obtain 




(1.2,19) lx(t2,t^,0) _ x(t^,t^,0)) <] / 1 f(s,Xg,±g) jds} 

■‘'l 

<jM(t2)-M(t^)| 
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Since M(t) is xoiiformly continuous on [t^,tg], then ^ 

implies that lM(t^)-M(t^) | -* 0 . Consequently, from (l.2^19) 
we have 

(l* 2 * 20 ) |x(tg,t^,^) — x(t^,t^,^)j -*o 

as ® ^ with t^-^^0 asm--* «>, 

Consider the sequence < x(t ,t , 0 ) > in #. Since <t > is 

o m 

Cauchy, then from ( 1.2, 20) it follows that 
|x(t^,to,0) - (t^,t^,0)} —>0 

as m - <» and k - <», This proves that the sequence 

^x(t^,t^,0)> is Cauchy. Prom the completeness of it follows 

that lim x(t ,t ,0) exists, that is, lim x(t,t ,0) exists. 
m-*~ “ ° t-§-0 ° 

Setting lim x(t,t ,0) = x(^-.O,t^,0) we see that x(e-0,t ,0) 
t-^-O 0 0 o 

exists • 

On the contrary, let us assume that x^ is an interior 
point of D. Set 0 = Theorem 4 there exists a unique 

solution x*(t,p,0) of (1.2, 3) in [p,p4-a] , 0<(x< % with initial 
function 0 at p. 

We define a function xs[t^-Tjp] — as followss 
( x(t,t ,0) , tG[t — T,p) 

x(t) = 

^ x(p— O,t^,0) » t = p • 

Clearly x is an absolutely continuous function with x. = 0, 

^o 

Since x^(t^,0)eD for te[t^,p), then for telt^,p). Further, 

since :^=^, from our assumption it follows that Also 

:x(t) satisfies (1.2.3) for te[t^,p]. Hence x(t) is a solution 



of the system (1.2.3) in [t ,G] with initial function at t . 

o ^ o 

Next we define a function x: Et^-T,p+a]-~» as 

follows: 

\x(t,t^,0) , te[t^-T,p ] 

Ht) = 

( x‘*^( t j p j jZf) f tGEpjp+cc] • 


So X is an absolutely continuous function with x . = ^ and 

■^0 


x^GD for tG [t^,p+a] • To show that x is a solution of ( 1 . 2 , 3) 
in (t^, (i+a ] with initial function 0 at t^, it is enough to 
proYe that x satisfies the integral equation 


( 1 . 2 . 21 ) x(t) = 0{O) + S f(s,x ,± )ds 


s' S' 


for tG Et^,p+a3 • Since x(t) is a solution of (l.2,3) in 
[t ,p ] , then ii(t) satisfies (1.2, 21 ) for tGtt ,p] • Further 


we have 


x*(t) = ^( 0 ) + / f(s,x*,±*) ds 
p s s 


for tG[p,p+a] , that is. 


( 1 . 2 . 22 ) x(t) = ^( 0 ) + / f(s,x ,x ) ds, 

p s s 


for tG[p,p+a] . But 


^(0) = 0(0) + T f(s,Xg,Xg) ds 

^o 

rv 

= 0(0) + f f(s,Xg,Xg) ds . 

Hence from (l,2*22) it follows that, for tG[p,p+a ] , 


x(t) = 0(O) + f f(s,x ,x ) ds, 

to 
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Consequently ±(t) satisfies (l.2.2l) for te [t^,p+a] . From 
this it follows that p can he extended. This contradiction 
completes the proof of the theorem. 

1.3 CONTINUOUS DEPEHDENGB OF SOlUTIOhS . 

In addition to the system (l,2,3), we consider the 
following systems: 

(1.3.1) ^ = fCt,y^,5-^) + H^(t,y^,t^.), 
where (a,h) x D — >E^, and 

(1.3.2) = f(t,y^,y^,X) , 

where f: (a,h) x D x — >E^. 

Consider the system (l.3.i) where f(t,y,,^.) 

satisfies the assumptions of Theorem 4 and H (t,y ,y,) is 

integrahle as a function of t for each fixed admissible y 

and is such that, for t^G (a,b) and jZf*Gl), there exists an 

a*, 0<a*< T , such that the system ( 1.3.1) admits a unique 

solution 7(t,t^,0») in [ t^,t^+a* ] .with initial function 0 * 

at t , 
o 

let x(t,t^,5^), for 0GI>, be a unique solution of (1.2.3) 
in [t^,t^+a 3 , o<q< t , with inxtial function 0 at t^. Let 
p=mln -Ct^+ttyt^+a*} • Then for ?>0 there exists a 5=6( e,t^,J2f,H^) 
> 0 such that 11 0 - 0 *\\ 6 and 1 H^(t,y^,:^^) 1 <6 imply 

ly(‘fc»'fcQ»0*) - x(t,tQ,0)l< efor teCt^,p3 . 


Froofj We set x(t)=x(t ,t^,j2f) and y(t)=y(t,t^,j2f*) . For te[t^,pl 
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(1.3.3) lx(t)-y(t)l < 10(O)-52f*(o)l 


+ f if(s,x ,x ) _ f(s,y ,y )lds 

-j- o b So 

O 


+ / !H^(s,yg,yg)lds 
"t 

o 


< ii 0-0*\\j + L / llx -y llj ds 
o o 


+ I lH^(s,yg,y^) |ds 


0 


Ilirtlier, for we obtain 


(1.3.4) ll3&-yll-r = ix(t-T)-y(t-T)} +/ I i(s)-y(s) [ ds 

■^t t- T 


< j 0 (t-T_t^)_j 2 f*(t_T_t^)|+ / l^(s-t^)-^*(s-t^)l ds 

t*^T 


t 

+ f lf(s,x ,x )-f(s,y ,y )|ds 

^ b b b S 

0 

t 

+ / lH^(s,yg,yg) j ds 

^o 

t 

< 2 11 0-0*\\j + 1/11 ^g-yslt 

o t o 

0 

+ f lH^(s,yg,yg)lds 
■^o 

Applying Gronwall's lemma to (l.3,4) we get 
(1.3.5) II s^yllr is , 

p 

for te[t^,p] , wliere K^=2 [1 0-‘0*\\j_ + / 1 S(s,y^,yp | ds . 
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Now from (l.3.3) and (1.3.5) it follows tiiat 

lx(-t)-y(t)l < 11 fi-gl*\\^ + K 5-lH {3,y,,J-Jlte 

Q 1 + X £5 a 

O 

< ( 1+2 0 - 0 *\\^ 

0 

+ (l+e^^f^"'^o)) I lH^(s,y^,yg)| ds 

0 

< (1+2 e^^P-'^o)) 5 + (l+e^^P“'^o^)(p-t^)6 • 

Choosing 6 suitably, it is easy to see that lx(t)-y(t)j< e 
for te[t^,p3 , This completes the proof of the theorem, 

7. Suppose that f in the equation (1.2.3) satisfies 
conditions of Theorem 4. let xKtjt^yj^) and ytt,t^,JZf*) be any 
two solutions of the system (1.2,3) in [t^,t^+a] and 

» 0<a,a*< T, with initial functions 0 and 0 * at t 

o 

respectively, where 0,0*GD and t^ e(a,b). Then for every 
e>0 there exists a 6=6( e,-b^,0)>o such that j] 0^0*Hj< 6 
implies that ° 

|x(t,t^,j2f)«y(t,t^,jZ(*) j < e for te [ t^ min { t^+a, t^i a* 3 

The proof of this theorem follows from that of 
Theorem 6 when m the system (1.3.1) is identically zero. 

TMOMJ 8. Consider equation (1.3.8) where, for each leB^, 
f Is assumed to satisfy conditions (c;) and ( ey of Theorem 4. 
I^her f satisfies a Llpsohltz condition of the following type: 

lf(t,t,5i,i)_f(t, /,♦*, **)|< ii*[|l + H_x*| ] , 


Li 
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for all teCa,!)), t{) ,4,*eD and X,X* eE^. Eor eachxeE^, the 

existence of a unique solution of (1.3.2) is assured hy 

Theorem 4. let xCtjt^jji^ x) and ) be any two 

solutions of (l.3,2) corresponding to parameters ^ and X* 

respectively in [t^jt^+a] and Ct^,t^+a'*^l , 0<o:,a*< x, with 

initial functions ^ and at t^, where t^e(a,b) and 

let p=min {t^+a, t^+a* ) • Then for every e>0 there exists 

a 6=6(e,t^,{Zf,X)>0 such that jj 0 ^ 0 *\\^< 6 and jx-x*! < 6 

■^o 

imply that 

lx(t,t^,j 2 f,X) . y(t,t^,!2(*,X*)| < efor te[t^,p] • 

Proof: We set x(t) = x(t,t^, 52 ^,x) and y(t) = y(t,t^ X*) , 
Now, for te[t^,p] , 

(1*3.6) lx(t)-y(t)| < j{^(O)-0*(O)l 


t 

+ / lf(s,Xg,±g,x)-f(s,yg,y^, J^)[ ds 



Proceeding exactly in the same way as in Theorem 6, we obtain 

(1.3.7) |j x-y|L< 2|( 0'-J2f*|L +1 *t1x-X*|+ 1* / ljx-y{U ds, 

t o t^ s 

for te[tj^,p] . Hence, by applying Grronwall^s" lemma to (1.3.7), 

(1.3.8) Ij x-y)lj < [2|1 0-0*\\j_ + 1*T |xa* j ] 

t ■‘"o 


5c5 


for tG[t^,p]* Prom (1.3.6) and (1,3.8) it follows that 

|x(t)-y(t)| <[ 1+26^*''] 11 0^0*11 l*T(i+e^*’^)lx-.x*| . 

■^0 

Therefore j choosing 6 suit ably j it can be shown that 
1 x(t)-y(t) 1< e for te[t^,p] • This completes the proof of 
the theorem, 

1.4 EXiI.!gLES . 

In the following examples we tahe in place of D, 
where {ii)eAC(I )1 H ’J' H ^ < H > , 

EXAMPLE 1 , Consider the following functional-differential 
ec[uation of neutral type: 

0 0 

(1.4.1) ^ ^ / ^K^(t,e)x^(e)de + /^K 2 (t,e)±^( 0 ) de 

for an admissible x. 

We assume here that K^(t,e) and ^^(tje) in (l,4,l) 
are measurable in (t,e), te(a,b) and eGl^ with values in R, 
Further, lK^(t,e)l sn*! lK 2 (t,e)l < Lg for all ts(a,b) 

and 66 Iq» where L^ and Ig are positive constants. 

We denote by f(t,x^,i!;^) the right-hand side of 

(1.4.1) . It follows from the assumptions made above that 
f(t,x^,:^^) is measurable as a function of t for each fixed 
admissible x. Further, for any admissible x, we obtain 

0 0 

|f(t,x^,±^) 1 < L^ / |x(t+e)|de + I'g / I5:(t+9)1 de 

—X T . 

t t 

< L^ / lx(e)l de + ig / |^(8)1 de 



39 


<I.^r|lxllj + Lg llxllj. 

”b "t; 

< ^ » 

since x^GDg* We set m(t) = (L^ t + Lg)!!, Also, for 'I' ,f* Gfj^ 

and t6(a,b), we obtain 

lf(t,t{),^i) - f(t,i})* , I*) I 
0 

</lK^(t,9)l li|^(9)-4>*(e)ld0 

— T 

0 

+ / lK: 2 (t, 0 )| I rpCe) (e)i de 

- T 

< 1 / 1 t(0)-^*(e)| d0+lip / jK6)-^*(6)} <30 

< 1 . 

o o 

< 1 II , 

o 

where L = + Lg, Hence all the conditions of Theorem 4 are 

satisfied. 

ET AMPLE 2. Consider a nonlinear neutral functional-differential 
equation of the following tsrpe: 

(1.4*2) ^ = E K^(t,0)x^C9)de]^+[/ Kg(t,0)±^(0)de]^ 

for an admissible x, where ICj^(t,0) and Eg(t,0) are same as 
in example 1.4,1* 

Denoting the right-hand side of (l.4,2) by f(t,x^,±^), 
it follows from the assumptions on K^(t,9) and KgCtfS) that 



f(t,x^,i^) is measurable in t for each admissible x* Again, 
for every admissible x, 

|f(t,x^,±^)l <i^[/ lx(t+e)ld9]^+ [ / lx{-fe+e)ide] ^ 

— T — T 

< x^ll X 1|2 +I,| II X || 

"t i/ 

< (L^ , 

We set m(t) = )H^, Further, f or iP j’P^GDg-, we obtain 

) - f(t,Tf.*,^*)l 

<j E / K (t,e)ip(0)d03^- I / K (t,e) Tp*(e)de 3^1 

-T -T 

+ 1 [/ K2(t,e)ip(0)de3^- [/ KgCtjS) ^P*(e)de3^l 
<[/|K (t,e)j l4<(e)+tp*(e)|de3[ / }K (t,e)| j 'i'(e)-^*(e)lde 3 

— T — T 

+[ / iKgCt.e)! |i(e)+V*(e)la6lt / jKgCt.e)! | i(e)-5'*{9')|a6 j 

< (\t 11*+**11t. ) (It Ilf -**11. ) 

+ (J>2 ^ 

O o 

< SH (I®T?+l| ) 1 *41* llj- 

< I IN-**!!! . 

o 

g 2 2 

where L = 2H (1^ ^2 ^ * 5Phis proves that the assumptions of 


Theorm 4 are satisfied. 



EXAMPLE 3, We consider 
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(1.4,3) ^ = / dgnCtje) x^(e) + / KCt,0) Jt^Ce) de, 

for an admissible x, where ri(t,e), defined for te(a,b) and 
eelo with values in E, is measurable in (t,0) and is of 
boimded variation in 0 for each te(a,b) and K(t,e), defined 
for te(a,b), 0el^ with values in R, is measurable in (t,0) 
with |K(t,0)| < L^, where 1^ is a positive constant. Eurther, 
V(t) < bp , t8{a,b), where 7(t) = '? r] (t,0), 

- T 

So f(t,x^,±^) is measurable in t for each admissible 
Xj where the right-hand side of (1,4.3) is denoted by f(tjXj.,x;^) 
Alsoj for all admissible x, we obtain 

0 0 

|f(t,x^,±pi </la n(t,6)l |xCt4-0)l+ / |K(t,9)| |«iH-8)|ae 

-T 

< v(t) |U||3. + i^ i|x||j 

"fc i} 

< 2(1^+ Ip) H, 

since x^GDjj . We set m(t) = E(L^+L2)H. Eurther, for te(a,b) 
and 

jf(t,i|),ili ) _ f(t,^*,4»*)j 

0 

1 / [d^n (t,0)| (Tp(e)-T(»*(0)jd0 

— T 

0 

+ / {K(t,0)j [>f»(0) -T?'^(0)| d0 

— T 

< v(t) llt-ifllj+L 

o o 

< (L^+Ep) II 

o 

< L , 
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where L = L^+ Lg. Prom this it follows that the conditicnD of 
Theorem 4 are satisfied. 

The following examples can also be treated in the 
same manner. 

EMPLS 4. ||=/K^(t,6) lx^Ce)l d6 + /Kg(t,6) 1*^(6)! 40, 

- X 

for an admissible x, where and Kg are same as in example 1 • 

0 p 0 P 

SIMPLE 5. II = / dQTi(t,e) X^(e) +[ / K(t,e) x^(e)de]^ , 

— T - X 

where ^iCtje) and K(t,e) are same as in example 3, 

1.5 TOTRAL PtmCTIOHAD LIPFBRMTIM EQTTATIOKS WITH ISPIHITE LAG . 

In this section we consider a class of neutral 
functional differential equations with infinite lag. To 
obtain results similar to the ones given above for this class of 
equations we require the following changes: 

Let Ljj={xeM((a,b)) \ H x 11 ^ 

te(a,b), Djj(t)= { z[ 2 =xl(a,t ], xSDg} . We consider the 
following neutral equation: 

(1.5,1) ^ = ^ (t,x(.), ±(.)) 

where, for each te(a,b), V(t, .):Djj(t) — 

LEPINITIOH 9. Let t^eCa,b) and 0eACg( (a, t^3 ) . in absolutely 
continuous function x: (a.t +a]— ^ t <t^+a<b, rs said to be 
a solution of (l.5,l) with initial function 0 at t^ if 

( i) xeACjjC ( a, t^+a 3) , 

(ii) x(t) s ^^(t), te(a,t^3 , 

(iii) x(t) satisfies (l.5.l) for te [t^it^+a 3 > 

In case tQ+a*b, then the interval (a,t^+a3will be replaced by 
(a,t^+a). . 
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I'or tlie system (l.5.l), Tlieorem 4 takes tke folio v 7 i ig 

form: 

^^PPOse that the following conditions are satisfied: 

(i) ■^(t,x(.), x(.)) is measurable in t for each xeD^. , 

(li) There exists an integrable function m(t) , te(a,b) , such that 
lY(t,x(,),x(,))l < m(t), for te(a,b) and XoDjj , 

(iii) lY(t,x(. ),*(.)) - V(t,y(.), :^(.))1 < L |j , 

for tG(a,b) and XjyGPrj. 

Jcl 

Then, for t^G(a,b) and ^GACjj((a,t^ ]), there exists an 

a,0<a< 't, such that the system (l.S.l) admits a unique solution 

3c(t,t^,g0 in [“fcojin+a ] with initial function 0 at t • 

0 

The proof of this theorem is similar to that of 
Theorem 4. Theorems concerning extended existence, continuous 
dependence can be established for the system Cl*5,l) in a way 
analogous to the earlier treatment • 



GETTER 2 


EXISTEEGE OP SOLUTIONS WITHOUT LIPSGHI't^Z GOrSITIOE 


In this chapter an attempt j.as been made to relam: 
the Lips chit z condition on f by some regularity condition. 

As a result of this we obtain simple existence of solutions. 

The inter relationship between the Lipschitz condition and 
regularity condition has been demonstrated by some remarks. 

An example has been given to show that the Theorem 4 is not 
applicable to this where as Theorem 12 can be applied. Also 
a theorem concerning global existence of solutions has been 
established » 

2.1 EXISTENCE OE SOIUTIOHS , 

In this section we are considering equation (l.2,3) . 
DEEIHITIOH 11. Functional fCty’f',^) in equation (1.2,3) is said 
to be continuous in ^eD for each te(a,b) if given e>0 there 

exists a6=6(e,t)>0 such that [j 'i' H j <6 implies 

♦ ° 

jf(t,^,^) - f (t ) I < e, where ’f' G-D. If 6 is independent 

of t then f(t,^,^) is said to be continuous in ^ uniformly 
in te(a,b) • 

THEOREM 12, Suppose that the following corditions are satisfied: 
(H^) f(t,x^,±^) IS measurable in t for each fixed admissible x, 

(Hg) There exists an integrable function m: (a, b) >R'*’ such that 
{f(t,x^,±^)j < m(t), for all admissible x, 

(Hg) fftj’P,^) is continuous in ’f'GD for eachtG(a, b), 
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imiformly vsith respect to admissible x, where a< 11,411 <b 
and may be different for different x. 

Then, for t^G(a,b) and 0QD , there exists an a, 

0 <a< T ^ such that the system (l,2,3) admits a solution x(t,t^,0^) 
in ft .t +a] with initial function e( ax t . 

O O ^0 

Note: I'd! teh^jHg ] , we define 

f(t+a, =0 , for t+a>Ti 2 

and f(t+6, = 0 , for t+cy< , 

Proof: We define a function M:Et^-T,b) — ->R''' as in (1.2.5) r-nd 
a function^; [t^_T,b) — as in (l.2,4). 

Since D is open, there exists on r>0 such that 
D, Prom a discussion in Cahpter 1, it follows that 
there exists a 0<p^< t , such that for te[t^,t^+p^] 

and x^eP for xGK^Cr*) and te[t^,t^+p^] , where 0<r*<r/4, 

Prom the properties of M(t), it is possible to choose 
an a such that 0<a<p^ and M(t^+a) < r*. 

We define a sequence of functions < x^ > as follows’ 

[ ?(t) , tG[t^-T,t^+ |] 

(2.1.1) x^(t)=/ t-^ 

(_ 0io) + / f(s,Xg, ±g)ds, ■fcett^+l ,tQ+a], 

where 3 e=i,2, .... ° 

Now we prove that x s are well-defined. Clearly 

X (t) = ^(t) and hence is defined. For 1:>2, the first expression 

of ( 2 . 1 , 1 ) defines x^(t) for tG fto- ^ ] # Since x^ = 
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and GD for t0 [t ,t + , then the second ero'^ess'' on of 

b OOK 

(2.1,1) defines x^(t) in the interval [ ■fcQ+ ^ ^ • 

Hence x^(t) is defined, as an absolutely continuous function, 
in [t^- tjt^+ "^ ] • Suppose that x^(t) is defined in 
[t^-T,t^+ ■^3* show that x^(t) is also defined for 

tG [t - Tji + 3 . For this it is sufficient to show that 

y^ GH for tG ft ,t + define a function x^:[t -T,t +p.] — 

u O OiC 0 01 

as follows: 










Clearly is an absolutely continuous function. Ihrther, 

11 xh ? 11 J= t)|+/ ^ |?^t) 4 ((tji dt 

0 0 1 


= / ' ^ 

t + s. 

^0^ k 


±-^(t)| dt 


a k 

> 2C 


t + -^ 

= / 

tg+ I * k 

to+d 

< / m(t) dt 
" ■^0 


t- 


,)1 


< 2:* 


Hence 5^GN^(r*). This proves our assertion. induction it 
follows that x^(t) is defined for tG [t^--T,t^+a] . 

Jj* 

In the following we show that the sequence < x > is 


uniformly bounded and 
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t_+a 


lim f I x^(t+of) - x^(t)| dt = 0 
0-0 VT 

Tiniformly vd.th respect to k. We define 4 > as follows t 


•Jfc/ 


(2.1.2) z^(t) = 


x^(t) , te[t^- T,t^+a] 

^ x^Ct^+a) , te[tQ+a,t^+p^3 

k 


Any easy calculation shows tlaat || z - 5^11 [+ t +6 ^ 




k 


[% 


+a] ^ +pj 


o ' O ’'!'' 
• Hence 


11 x^ II j-^ ^ ^ +a]'^ i! ^ ill • proves that the sequence 

< x^ > is uniformly hounded. I*urther we see that, for o>0, 

to+a 

(2.1.3) / llt^C-fe+o) - at 


0 k 

= / |i^(t+o) - x’^(t)lat + / u'*:(t+o)-*^(t)l at 

t “"T t_-* 

o ^ o 

t + ^ t +a- cr 

+ /° I i^(t+ c^-±^(t) I dt + / !x^(t+-o)-i^(t)| dt 

t^-a+ ^ ok 


to+a 

+ / |±^(t+o) - x^(t)l dt 

to+a- a 

= I^+ I2+ I3+ I^+ I5 . 

Since the singleton {0} is relatively compact then hy Lemma 1 
we have 



o 
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So 0 as 0-* 0 uriifornily in k. Again 


Io= / 


t -Of I 

O k t 


V'^ 


1 “0(t+<^) -?(t)ld-b </ at 


Va 
a 


So 0 as 0 imiformly in If t^-cr+ ^ ^9 


t + S 

o k 


3 ^ iH-c^l t.a_f 

t^+a 




)- '^(■b)|dt 


= / 1 f(s,Xg, Xg )} ds 


< M(t^+ a) . 

Hence I,-* 0 as - 0 uniformly in k* If S - "^o’ 


^ & 
J=> ^ 

^si ^ 


I f(t+a-. ^ ,x^ 




^ '-t+a- 6' t+cT- I 

t + S. 

^0^ k 

+ / 1 M'fc) 1 <i'fe 

^0-"^ I 


)1 dt 


t + 2. 

k 


V 

</ 1 f(s,Xg,5?g)l ds + / 


■^(t)l dt 


to+ ^ 

< M (t +«^) + / l^(■b)l dt 

I 

So Ig -* 0 as 0 uniformly with respect to k. Also 


t +«- a 
o 


14 = / , I f a^dt 


■^o"^ k 


k 


k 


4- a.' + a. 

k ^ k 


f 




t +a 
o 


< / - f(s,x^.s{ )l ds 



I 
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From tile assumption (H^) of the theorem it follows that 0 
as 0-* 0 uniformly ink. Lastly, 

to+a 

1^= / lf(t- I , ^ J\ d-t 

t^+a-cT 


a 

k 


t- ^ t- 


oc 

k 


to+a 


m(t~ ^ ) dt 


< / nn,T;- e 

t^+a-a 

< (M(t^+a- I ) - M(t^+a- | -cr )) 


So Ig— 0 as O'-* 0 uniformly v/ith respect to k. Therefore from 
(2*1.3) we obtain 


■fc +a 


/ } ±^(t+a) - ±^(t)| dt — 0 as -*0 uniformly in 


For 0 we prove our assertion exactly in the above manner. 


k 


Now from Lemma 1 it follows that the sequence < x 

Ic ' 

is relatively compact and hence it has a subsequence < x ^ >, 
which converges to an absolutely continuous function 
X®: [t^-T,t^+a] — that is, 

(2.1.4) II X X® II 0 as 1 


k. 

1 0| 


Since \\ x l|j ^ H |jj and || x ^^x |U < 

o o 


II X ^-x II -t +cc]*'^® ^t ” define 

0^0 ^ 


z°t as 



Ir- 

> 

say, 
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x°(t) 


t)=< 


, tett^-T,t^+a 3 


x°(t^+a) , te[t^+a,t^+p^ ] . 


k. 


Corresponding io snpsepuence < x ^ consider "the subsequence 

Ic 

< z ^ > of < 2 ^ > defined by (2.1.2). So j} z ^<r*, 

Since 

k. 




k. 

1 7i 




< r*+ l|x -X 

from (2.1.4) it follows that li z°-^l| r. + ^.o n ^ r*. Hence. 
z°ei^(r<<'). Consequently, x°eD, for te[t^,t^+a] . 


Since for te £'fco>‘bQ+a ] 

II V - lll^i 2 II =^°ll[t„-T,Va] - 

from assumption (H^) we obtain 

k. k . 

1 f(t,x^^,±^^) - f(t,x° , )1 ^0 

as i - “ for each fixed te[t^,t^+a] . Hence Lebesgue*s 
dominated convergence theorem implies that 


(2.1,5) lim / f(s,x ± ^)ds = / f(s,x°,3l:°) ds , 
j__oot ® ® t ss 

o o 

for te[t^,t^+a]. Further, since [x ^(t)-x°(t) j < |jx T,t+a] 


for toEt^jt^+al and 
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t k. k. 

/ ^ f(s,Xg^,Xg^) ds -* 0 as i ~ , 

*-El 

letting i -* oo and using (2.1,5), it follows from (2.1,1) tliat 
x°(t) = |i(( 0 ) + } f(s,x° ±° ) ds 

4- o o 

^o 

for teLt^jt^+al . 

Hence x°(t) is a solution of ( 1 . 2 , 3) v/ith initial 
function 0 at t^. This completes the proof of the theorem. 


2.2 SOME KBLAJED RjBfJARKS . 

REMARK 1 . Our Theorem 12 follows if the assumption (H^) is 
replaced by 

to+a 

(Hp Im^ / lf(t+a,x^^^ ^t+'tr^” )\ dt = 0 

0 

uniformly with respect to k, where ’a* is same as in section 2*1 
and < x^ > is defined by ( 2 ,l,l) , 


REMARK 2. The proof of Theorem 12 runs smoothly if D is 
replaced by H^(x) in hypotheses (H^) - (^ 4 )^ where H 0 (r) is 
the same as in section 1 , 2 , It may be noted that E enters into 
hypotheses (H^), (H^) and (H^) through the definition of 
admissible functions . 


REMARK 3, Suppose that f!(a,b) x Let the assume coons 

(H^) and (Hg) hold with D replaced by N^(r) , If f(t, is 

Lipschitzian in t and ^ , then (Hp is satisfied. This can be 
shown as follows s 


MF ijumt 


1.1.1 KANPUR 
li£-0iARY 

~TmB 




mm 
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to+a 

(g.s.i) / ^(■t+o, i^)| at 

“t^+a * 

< I / (|>j 1+ 11 llj ) at 

*0 ° 

to+a 

< L |a| a + L / jj x^ dt , 

■^0 ° 

where L is the lipschitz constant * 

We show that |j ^ jU-^ 0 as 0 uniformly 

^ "^o 

in k and t« Now, for t 6 [to»to+a] , 

( 2 . 2 . 2 ) ilx^^-x^jj^ = |x^(t+<J- T)^x^(t-T)j+/ i±^( 0 +a)-±^(e)| d3 

o 

Given ®>0 . We choose 0<6<T-a* Let )<?1<6. 5*or tG [to,to+a ] , 

I - x^Ct-'^M = l(2((t+a~ T-to)~0(t-T— to) j * Further, fc 

f^o’V l> > 

(8.2.3) / |i?^(e+a) , **^( 6)1 ae 
t^ T 

t + 2 . 

^ V V 

</ lx (e+<y) - X (e)l de 

t-T 

t— a t + ^- cr 

< / |i^( 0 + cr)-x^(e)| de + / ' ll:^(e+'^)-*^(e)l de 

t + g 

+ / „ l±^(e+a) - x^(e)l de 

to+ I - a 

— ^ 2 '^ ^3 * 



t - a 

.0 


Du 


where I^= / J ^(0+a-t^)-^Ce-t^) 1 de < / | j2f(s+a)-‘^(s) |ds 


^ ^ ^ 0 -{; 

ig = / 1 ?(e)lde < / l‘0(e-t )jde = / l^(s)l ds 

CT a -a 


and 


a 


o" k 


“b + 


f „ 1 i^(e+cT)l de + / 


t + 2. 

o k 


4 - I ^ rr 

t^+ g - c 


4. ^ a 
^0+ k - 


x^(e)l de 


t + f 
0 k 


1. / ^ lf“(9+G- ^ »^+cr a »^e+a 


0 


< M(t^+a) + j 1 ^(s)| ds 


- cr 


o 

Setting y(cr) = j !2f(t+a-T-t^)-{2l(t-T-t^) i + f | ^( s+ct )-(^(s) | d^s 


+ M(t +CT) + 2 f l0(s)|ds 
° -0 


and taking into account the fact that 0 is uniformly continu'-v-s, 
singleton {0 } is relatively compact, '0 is integrahle and M(t'' is 
continuous, one can see that u(cr)-*Oas 0 -*O uniformly in k 
and t. Hence, for te [t„,t + §• 3 , we obtain from (2.2,2) that 
1 a[ < 6 implies \\ Also, for te(t^+ p'^o+ocl, 


/ l±^(e+cr) _ ±^(e)l de 

t— T 

t - a ^ 

= |*^(e+<y)-*^(e)l de + / {±^(6+'T)-±^(e) j '^e 

t-T t^-'^ 

t + ^ 

+ / „l*‘^(e+'')-**^(6)lae + / l±'^(e+'')-S;^(6)l 

I S 


(2.2.4) 



But first three integrals in right-hand side of (2,2.4) are sane 
as right-hand side of (2,2,3) and last integral is given by? 


t 

(2.2,5) / ^ 1 x^(e+a) _ x^(e)| de 

^0-^ k 


ok k k 


a y 1 


dP 




ds 


< 1 a 1 o| + I / II x^ II j ds . 


Brom (2.2.2), (2.2.4) and (2.2.5) it follows that 


(2.2,6) II x^^.a-x^l!l < ^( 0 )+! a j«Jj+ 1 / j| - x^ l|j ds 

0 t o 

o 

Consequently, by applying Gronwall's lemma to (2,2,6), we obt 


u 


(2.2.7) II 


k k 11 X .#/ N 

^t40~ ^t III i ® 

o 

< u (<y) e , 


where 0 ( 0 ) = 0 ( 0 ) +1 a |*^|. Clearly 0 *^( 0 ) -♦ 0 as o~* 0 unifon'lvin 

k and t. Hence from (2,2,7) we get || x^ ||^ < e whenever 

o 

l«f| < 6, that IS, for te(t^+ | , t^+a ] , || x^ |L -* 0 as 

0 unifoimily in k. Consequently, for te[t^,t^+ «], 

II jjj. - 0 as 0 -* 0 uniformly in k. 
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Prom (2,2,1) it follows tliat 

to+a 

/ if(t+a, )| dt - 0 as cr-- 0 

t 

o 

uiiiformly in k, TMs proves our assertion. 

As a corollary to tlie last remark, we see tliat if 
the equation (l,2,3) is autonomous, then Lipschitz property in ^ 
implies the condition (H^ , 

Now we consider an example to show that even though 
the right-hand side of the equation satisfies assumptions 
(H^) - (Hg) and (H^), it is not lipschitzian. This also hy the 
way proves that there are examples where Theorem 4 is not 
applicable but the present existence theorem is applicable, 

EXAMPLE Ife consider 

(2,2,8) ^ = / ii(s)l ds + {x(t) 

t-1 

Here we choose a;=0, b=l, ^^=0, =1 and j2^(t) = 0 for t8[-l,0 ] » 

We define'^ as in (1.2.4), So N^(r)={4»eAC( [-1,0] jR"^) | H^-ji 3- <r} . 
By an admissible function we mean an absolutely continuous 
function x:[nj_-i n2] — where 0 such that 

x^GN0(r) for te[n;j^,n2], The right-hand side of (2.2,8) is 
denoted by f(t,x^,x^) where f: [0,l]x 

Clearly ^^GN^(r) for tGCo,l] , So here 
Purther N^(r*) ={xGAC( [-l,l],R*^) j j| x jj [_2,l]^ * where 

0<r*< ^ • Prom the discussion in section 1.2 it follows that 
xGN^ Cr*) is admissible. 
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How we sbow that the assumptions (H^) , (Hg) , (H^) ai^a 

(H^) are satisfied. It is easy to see that f(t,x^,±^) is a 

measurable function in t for each, fixed admissible x. Also, 

since lx(t)| < j| x^jj^ , we obtain, for all admissible x, 

0 

if(t,Xt,±.,^)l < 11 x^llj + (11 x^llj } 

o o 

< r + 

So m(t) = rn-r^/^. Itirther, for , if'^eN^Cr) and tslo,!], 

1 fCt, 4', - f(t, 4'*,^*)! 

< / 1 lks)l-l4'*Cs)ll ds + 1{4>(0)}^/^- (0)}^/^ 1 

-1 

< f l4*(s) -r(s)lds + 1 4-(0) ~4?^(0)11/2 

” -1 

< |l,j,»g,*ll + {|1 ^-)j.^ll . 

0 0 

Hence ll4’-4'*llj < 6 implies that 1 f(t ,4' )-.f (t, 4' ,4* )l<6+6^^^ 

■^o 

whence the continuity of f(t,4',0 in4'eH^(r) for tG^O,!] 
follows immediately, Next, for tG [0,o(3 with a < 1, we liave 

lf(t )1 

= 1/'^'' l±^(s)lds + {x^(t+‘J)>^/^- / li^(s)|ds-{x^(t)>^'^^| 

t+o-1 t-1 

= I /’r5:^(s)|ds + {x^t4^)>^/^- } |5^(s)ld3 -{ x^(t)}^/2j 
0 0 

< I /’j±^(s)lds I + 1 - {x^(t)>^/^ 1 

t 
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< ! / m(s- I )ds I + |x^(t+ 0 ) - 

"tj 

< 1 M(t+a- I ) - MCt- I )1 + lM(t+o- |) - M(t- 
Since MCt) is ■aniformly continuous, tlien 

lf(t+ ^ - f(t,x^, ±^)1 -* 0 as°- 0 

uniformly in t and k. Consequently 

IiHq f . f(t,x^,s|)l dt . 0 

uniformly in k, This is nothing hut (HJ_) . Hence f satisfie'_ 
conditions (H^), (Hg) , (H^) and (H^), 

In the following paragraph we prove that f(t, ip, V 
is not Lipschitzian in tJj notwithstanding its so many good 

♦ 

properties enumerated above* In fact, in order that f(t, ’l',^ ) 
satisfies a Iipschitz condition in Tp there should exist an 
1 > 0 satisfying 

lf(t,’l',5')-f(t,'f*,4»* )| <Ii lU-Zlli 

0 

for ’(',’1' eN^Cr) and te[0,l] . In particular, if ’I' = 0, we 

should have |f(t,T(;,^ )] <_I ll'I'llj • construct the 

o 

following absolutely continuous function defined over [-1,1] : 

I 0 , te[-i,o] 

Tjt) =jig- (t-i)® , teio, |) 

I 0 , te [~ , 1] f 


for m > 2* Here 
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1 

[-1,1 ]= + /^|\(t)ldt 


2/m 

I 

0 

1/m 


1 \(t)l dt 




0 


- n,2 * 

m 


l/m 


m 


) d-t 


Hence, for euffroiently large m, 1| .e .ade less 

than any preassrgned value r*, whence x^eK-^ (r») . iY.rther 

\jllii “ lx ( — _ i)\+ j j4 (e)] de 

m ^ m » 


m 

y. 
0 

1 

m 




Ve) I ae 


and 


1/ K(s)|as + {x^{ i )}V2| ^ 1 1 ^ m+i 

m -1 m'^ “ 


Therefore, in order that |f(t,M)| < i || ^ for ♦ =(3^) , 

we should have Sii < t, i •]:>,,+ +t.. ... 21 

^2 ~ jjj2* this is impossible for 

sufficiently large m. This shows that ±s not 

Lipschitzian in ^ . 

2 .3 . UUIO UEMEas . 

13 . Suppose that the conditions (H^), (Hg), (H^) of 

Theorem 12 are satisfied. Further let f satisfy the followina 
condition: 
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(Hg) < gj(t,ll ) 

0 

for 4' , and tG(a,lD), Yihere g^s(a,b) x R"^ — ^R’*' is a contii-j;ous 
function and g^(t,u) is monotonic increasing in u for each 
t6(a, b) and further for each t^S(a,b) and t^6[t^,b), u(t) s 0 
is the only differentiable function which satisfies 

(2,3,1) = g^(t,u) , u(t^) = 0 

for te • 

Then, for t^6(a,b) and 0 gD, there exists an a» 0<o:< t , 

such that the system (l,2,3) admits a unique solution x(t,t^,SZ^) 

in [ t ,t 4- a ] with initial function 0 at t • 

0 0 0 

Proof : The existence of a solution in [ ^ follows from 

Theorem 12. Let x(t) = x(t,t^,0) and y(t) = yCtjt^jS^f) be any 

two solutions of (1.2,3) in tb^jt^+al with the same initial 

function (2f at t . To show that x(t) = y(t) , Set z(t)*x(t)-y(t) . 

0 

So z(t) = 0 for te 3 • Further, for t>t^, 

11 Ztl'l l^(s,Xg,Xg) - f(s,yg,ts)l ds 

0 ^o 

< / §^(3,11 Xg-y^llj )ds 

^0 ° 

< f g^Cs, 11 z II3- ) ds . 

^o 

If u(t,t ,u ) is the maximal solution of (2,3,i), then 
' 0' o 

i •fee(t^,t^+a 3. But from, the hypothesis 

o 



6 "" 

of the theorem it follows that u(t,t^,u^) = 0 and hence 
jj 2^11 j= 0. Since | 2 (t)l < |j z^llj for te ftQj'tQ+a 3 , 

then z(t) =: 0 for tG [t^,t^+a 3 • This completes the proof of 
the theorem, 

2.4 GlOBiL BXISmCE . 

In this section we consider the follov/ing neutral 
funct lonaL-dif f er ent i al equat ion : 

( 2 . 4 . 1 ) = f (t , , 

where f:(a,~) x iP and ={TpeAC(I )| jj jj ^ <H > 

o 

By an admissible function we mean an absolutely continuous 
* function x: [n^-r, ng] — such that x^eiC^(l^) for 
tG [ i^i, ^23 , where a< > 12 '^ “• 

We will use the following form of Schauder*s fixed 
point theorem in proving the global existence of solutions of 

(2.4.1) . 

IHEOHEtl 14, Let X be a Banach space and B be a closed, bounded, 
convex subset of X, If a mapping TsB — > X is continuous with 
T(B)C.B and !E(B) relatively compact, then T has a fixed point 
in B, 

IHBQBEM 15. Suppose that the following conditions are satisfied 
(i) I*or every tQ6(a,«') and u^e(0,H^3> the scalar 

differential equation 

9 

H = = "0 


{2.4.2) 
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has a solution u(t) = u(t,t^,u^) existing for te[t^,») and 
u(t) < for te where gj^:{a,”) x E* — J-g* is a 

continuous function and g^(t,u) Is monotonio Increasing In u 
for each tG(a, OO^ J 


(ii) 

(iii) 

(iv) 

(v) 


f(t,z^,x^) is measurable in t for each fixed admissible x, 
IL 

} f (t,x_^,±_j_) I < — g^(t,|| x^ljj ) for all admissible x, 

o 

f(t, t|,, if ) is continuous in 'i' e AC^(I^ ) uniformly with 
respect to te(a,“), 

oh“o W - fC.x^.xpi dt = O 


uniformly v^rith respect to admissible x, for anyn^^ n 2 lying in 

(a5°°} . 

Then, for every t^e(a,~) and j2feACg(l^) with 
11 ^ I system (2,4,1) admits a solution x(t,t^,]^) 

existing for t6 » where y is any number greater than 

aero and || x^(t^,j2f)l| < H. for te fc ,t + yI 

Proofs Let B be a set of absolutely continuous functions 
xs [t^_ i^t^+Y]--»E^ such that x^ = 0 ^ jj x^Jjj < u(t), for 
■fce [t^jt^+Y], and 11 X II To show that B is a 

closed, bounded, convex subset of AC( [t^- iit^+ YiO , Clearly 

B is bounded. Let x° be a limit point of B, So there exists a 

sequence < x^ > in B such that H x^-x°ll ^ ^ - 0 as n - 

since 11 x“ -x° llj. < II x”--x°ll( _ ,, ?hen 2° = |i(. It le 

0 00 0^0'"* ^o 

easy to see that || x^ < u(t) for te[t^,t^ +Y]and 
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jj 2:°11 p. ^ +Y] “ x°GB, Conseq^uently B is closed. 

Set z= vx;+ (l-v)y, where x,yGB and 0< v<_l. So 

Z+. = + (l--y)y, = ]i0+(l->]i) 0=0, 11 zA\j<¥ 11 x.lU + 

^o ^0 ^0 ^ -^0 ^ 0 

( 1 - 11)11 y^.ll 3 -^<u(t), and 11 z «lNlp;^.^,t^+^ ]+ 

(l~y) 11 y 11 r+ ^ t + 1— % * proves our assertion, 

LIq— T jio''" yJ "" -L 

From the definition of B it follows that the elements 
of B are admissible « 


Now we define a mapping T:B — > AC( [t^-T,t^+Y] ) 


as follows: 

(lx) . * 0 

( 2*4t 3 ) 

Tx(t) = 0 ( 0 ) + / f(s,Xg,±g)ds, tG [t^jt^+Y]. 

Continuity of the mapping 1 follows from the assumption (iv) , 

In the following we show that 1(B)CB. let yGlCB) 

Then y=Tx, for xGB. Prom (2,4,3) it is clear that y. = 0. 

0 

Now, for te [-bQjt^+Ylj if ^-'*^<^ 0 ’ 


11 y^llj = ly(t-T)l + / ^ I #(s)lds 


t-T 

t ^ 

< 10(t-T. t )| + / r0(s-t )las+ / ly(s)lds 

° ■to--' *0 

< 2 11 1^ llj.+ I / gi(s,ll Xglli )as 

° o 

t 

< u + / g.(s,u(s))ds 
-0^1 


< u(t) . 
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If t-T>t , then 

0 ^ 


^tlll 1 10^(O)1 + 2 / f(s,x ) 


s'^ s' 


ds 


< II 5^l{i^'-^/s,(s,ll xjl, )ds 

t 

1 + / g- (s,u(s))ds 

<u(t) . 

Hence H < u(t), for teH ,t +y], Further , 


o' 0 
t 


■fc.+ Y 


II ^II[t -T|t +yJ l^^“'’•)l+ / l^(si-t )jds + / jf(a*x ,x )ids 


t -t' 'J ’ + ' s' 

O o 

i M III + I / g^(s,lt X II J ) ds 
o t^ ® -^O 

VY ° 

< ^_ + / g.(s,u(s))ds 

° t ^ 
o 

< U(t^+Y ) 

< . 

This proves that yGB, 

What remains to show is that T(B) is relatively compact 
Obviously T(B) is uniformly bounded. Again 

V 

(2,4,4) f I :^(t+ o) - ;f(t)j dt 

t -T 

to” cr t^ 

" =/ l^(t+o> - t('fe)|<it + /° I :f(t+cr) _ ;^(t)| at 

to-T . t^-a 

t + Y 

+ f 1 t(t+o) - ^(i)! dt 

^o 
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t - o 

0 . , 0 . 

where - f j ^(t+a_t^)- *0(t-t^)ldt < / ] !2^(e+ a)-jZl(e) | de , 

to" T - T 




Va 


< ^ / g^(t+a, 11 )dt + / 1 0(e) I de 

t^-a 0 - a 

0 Q 

< i f g.(s,u(s))ds + / l*0(e)lde 

■ h 

V’f 

and 13 = / 1 ^ 1 d't • 

Since singleton {0 > is relatively compact, then making use of 
the assumption (v) ?;e obtain from ( 2 , 4 , 4 ) that 

1 0+ 

lim / I ;^(t+cr) - ^(t)| dt = 0 
0 t^-T 

uniformly in y. Hence lemma 1 implies that 1(B) is relative"' ’#■ 
compact • 


From Theorem 14 it follows that the mapping T has 
a fixed point in B, let it he x*« So we obtain 



x*(t) = 0(0) + / f(s,x*, ±|) ds, tett^jt^+Y]. 

Further, from the definition of B it follows that |lxr*(t^, 0 ) | jj H^ 

for tG [t »t + y 1 » This completes the proof of the theorem, 
o' 0 
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IPQ™ 16 . Suppose that the conditions (i), (ii),(iii) — 
(v) of Theorem 15 are satisfied. Further let 

lf(t, 9.,?; ) _ f(t,9^,?^)| <1 

■^0 

for te(a, ) and where L is a positive constant 

Then, for every t^e(a,c») and with 

11 0\\i±i%, the system (2.4.1) admits a unique solution 
x(t,t^,i 2 () existing for te[t^,t^+Yi, where t^<t^+Y<oo, 

Proof: Clearly (iv) « implies (iv). So the existence of a 
solution xCtjt^,^) in [ t^ ,t^H-Y] follows from Theorem 15. 
Pi'oceeding exactly in the same way as in Theorem 4 , it is 
easy to prove that the solution x(t,t^,j 2 ^) is unique. 

CPROLI 4 IRY 17. Since Theorem 16 holds for every t ^+ y ^ “j 
then we say that the system (2.4,l) admits a unique solution' 
x(t,t^,j 2 l) in [t^,“). 


GH^TER 3 


REPKESMIATIOR 0? SOLTJTIOITS OP LIHE^R EQUAJIGHS 

This chapter is devoted to the representation of 
solutions of linear noru-homogeneous functional-differential 
equations of neutral type^ Theorems on the existence of 
solutions of these equations and ad 3 oints to homogeneous 
equations have been established. 

3.1 EXISTENCE OE SOLUTIONS . 

We consider the following neutral functional-'dlfferential 
equations: 

(3,1.1) If = + Wt) , 

where f:(a,~) x A0(I ) — > and hel. ((a,“) ) t 

DEMITIOE 18 1 Eunctional f(t,ii'»5>) is said to be linear in i> 
if 

(i) f(t, +*/) - f(t, ^ + f(t,iji* where te(a,~) 

and f 

(ii) Eor any real number y, fCt, yip , ) = yf(t|f,|i ) • 

Suppose that fCtj^P,*^) is linear in ^ and continuous in ^ 
for each fixed t in (a,“). So f(t,i|>, ) can be written as: 

0 

yii)(c) + / g(t,e) 4»Ce) de f' 

— T 


(3,1.2) 


f(t,Tp,5() = 
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where yeR, cel and ff:ra oo'i ^ t , ,, 

, ^ diia g.^a, ; X -^E such that for each 

te(a,~), g(t,.) e . 

In this chapter, an admissible function x means an 
absolutely continuous function x: [ ^ where 

a<ni<V“. So, for an admissible x, (S.i.i) takes the form 

(3.1.3) || = ^ / gCt,0) x(t+e) de + h(t) . 

The homogeneous system corresponding to the system (3.1.3) is 
given by 

(3.1.4) iix(t4.o) + / g(t,e) x(iH.e) de. 


We group below the set of all conditions that are imposed 
on g in different theorems that follow^ 


g(t,9) is measurable in (t,9), 

(^) |g(t,9)| < ( |m(t) - \v\), for teCa,“) and eel^, where 

meL^CCa,^), R’^)^ 

g(’fc>9) is essentially bounded in t for each fixed 9 
and for each t, 

lg(-fc,e^) - gCtjg^)! < NCt) 10^-921 , 
where ITj (a,°°) — ^ R**" is integrable * 

lgCt,e)l < ( m^(t)~ I y|), for teCa,«’) and 961^, where 

R**’), such that R*(t^,p)^ + 3M*(t^,p) 

+ 2 |u|p ^ If where 

t +P+ ^ 

- / ( |in (t) - lu|)at and N*(t ,p) = / ir(s)as, 

n 
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t^e(a,“) and peCo,^), 

(Ag) (i) g(t,e) = 0, for te(a,“), e < - ^ and 
(ii) g(t,e) = 0, for te(a,<=°), 0 > 0 , 

oo 

(A^) lim / {g(t+cf,0) ~ g(t,0)| dt = 0 
® o- 0 a 

(A^) lim S 1 j dt = 0 uniformly in 0 . 

THEOREM 19. let the assumptions (A^) and (Ag) he satisfied* 
Further suppose that 

(Ag) lh(t)l <im(t), for te(a,~), 

where m(t) is the same aa in ('^2^* 

Then, for t^G(a,~) and J^6AC(I^), the system (3,1,3) 
admits a unique solution x(t,t^,0,h) in [t^,t^+^3 with initial 
function ef at t , where t < t + B < ~, 

^ O 0 0^ 

Proof, We define a function Mj [t_— t^oo) as in (l.2,5) 

and a function 0: [t^-"^,*”) as in (1*2.4:) , Further we 

]j- 

define a sequence < x > as follows; 


(3.1,5) 


x°(t) =lf(t), teEt^-^jt^+p ] 

x^ (e)= J2f(6), eei^ 

X^(t) = 0Co) +v/ x^^(s+-c)ds 

■^o 



t 

/ 

t. 


[/ g(s,0) ±^^(s+e)de3 ds 

t 

h(s) ds , te 3 


+ 


f 
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where fc=l,2,3,,.. 

Clearly x (t) is well-defined provided / g(s,9)±°(s+0) d9 

-T 

IS integrable as a fimction of s. Indeed, from assumption (A^) 

0 

it follows that f g(s,6)±°(s+0)d9 is a measurable function of s* 

— T 

Also due to (Ag) we obtain 

-f 0 

i f g(s,9)±°(s+0)d9 I , < [i m(s)-jpj]/ lx‘^(&<-9)| d9 


“t -l-p 

< [|m(s)-lv|]/° li°(e)lae, 

V" 

k 

Similar argument holds for all x s. 

In the following we show that < x^ > is a Gaucl^ sequence. 


(3.1.6) 


0 ^ 0 


= I l±^'^^(t)-±^(t)ldt 

■^o 

't Hhp 

< [yj / j x^(t+c)_x^“^(t+c) I dt 
^o 

n . 


+ / (A m(t)-[y})[/ j±^(t+9)-5^^(t+9)|d9]dt 


t 

< I «| / 11 x^-x'^-^lL dt 




+ f (im(t)-l«l) 11 at 




<i/ m(t) llx^-x'^^lL at. 


I 
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Again, for te[t^,t^+p3 , 


t-T 


(s) I is 


< 2| v| / !x^(s+c)_x^-l(g+c)jds 


^ 1 -- . . -0 


+2 /(^ m(s)-| p| ) [/ I ±^(s-fe)-±^^-^s+e) i de] ds 
< /mCs) li ds . 


further, for te [t ,t +b3. 


(3.1.8) II xl--0|| < } „(3) ||-j,|| ^ 

^ St 


< (2 li iZfjjj + l)M(t) 
o 

Hence from (3,1,7) and (3,1.8) we ottain, for te[t ,t +e 3 
(3.1.9) II < (g II ^1^ ^ 


< (2 II !Z(1It +1) 


(k+l) ! 




Consequently, || x>^^^-x^|| j < |(2|| ^|| 

Q Q F ^ JS_ 41 

implies that < > is a Cauchy sequence in AC( [t -T,t +6 3) 

Since the space tt^_ ^t^+g] ) 13 complete, there exists 
an X* in AC ( [t -T,t +p 3 ) such that 
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(5,1.10) 




+P3 


*• 0 as k , 


Prom II x^-x*|lj < 11 z^-x*|l L _^ + +el^^ (3.1.10) it follows 
+: ^ 0 ~ * ^o"^^ 


O 


that -x.*^ = 0 » 

Now since, for te ] , 1 x^(t)_x*(t) 1< H x^-x^H ^ p 

we have from (3,l,l0) 


(3.1.11) 


lim x^(t) = x*(t) , tG [t ,t +p ] . 

15; ^ CO 0 0 


Also, for tG Et:^,t^+P ] , 

I / x'^“’^(s+c)ds - / x*(s+c) ds| 


that is, 
(3,1.12) 


0 

t 


< / I x^"^(s)-x*(s) j ds 
t 

o 


< B llx^“^~x*l 




lim / x^'’^(s+c)ds = / x*(s+c)ds. 

C50 -t 


Further, for tG 3 » 

to 1 . to 

1 /[ / g(s, 0 )±^“^(s+e)de]ds - / [ / g(s,e)±*(s+e)de}dsi 

t - T t - T 

o o 

< / (im(s)-jTi|) [/ |±^‘’^(s+e)-i*(s+e)|de}ds 
*0 

< q M(t^+p) - Pi 11 * 
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Hence 


t 0 


(3.1.13) lim / [/ g(s,e)±^"^(s+e)de3ds 

IC — oo t 

0 

t 0 

= /-f / g(s,e)x*(s+e)de3 ds 

Passing to limit in (3,1,5) as i: - and making use of 
(3.1,11), (3,1,12) and (3,l,l3) we ottain 

x|' = 0 
^o 

t to 

x*(t) = 0(0) + vf x*(s+c)ds + /[ / g(s,0)±*(s+0)de] ds 

O 0 


+ / li(s)ds , for te tfc^,t^-i-f] , 
*t? 

0 

This proves that x* is a solution of (3,1,3) with initial 

function 0 at t , 
o 

In what follows, we show that the solution x* is uniqii 
If possible let y* he another solution of (3,1,3) existing in 
[t ,t +6] with the same initial function 0 at t , Suppose 
there exists a t^ in [t^,t^+p3 such that x*(t^) 4 y^(t^) . 

We set |x*(t^)-y*(t^) I = c^, where c^>0 . Since | x*(t^)-y*(t^ ) | < 

11 x*-y*ll j then we can set Hx^-y^H d, 

where d > 0 , How 

t +p 

(3.1.14) 11 x»-y»|l[^ _ / |±»(s)-J*(s)las 


t +P' 

<1 / m(s)jl x*-.y*|l]- ds 


a 
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t 

and, for te [t^,t^+p 3»jj < /m(s) jj x*-y*jL ds. ^so, 

t s 

for tG 3 , 

jjx*-y*llj= lx»(t-i^)-y*(t-'r)| +/ 

t t_ T 

t +p 

< 11 x*-y*ll r t +C]'^ l5:*(s)-^*(s)l ds 

0 ^ o ^ t - T 

0 

< 2d. 

Hence H x»-.y*lL <_ 2dM(t), tG [t ,t +p3. After n-repetitions, v'e 
t n „ ° ° 

olDtain llx*-y*|lj < 2d , Consequently from (3,1, 14) it 

■^t“ nl 

follows tliat 11 x*-y*ll r. t + j_r 1 ^ '3. ^ . So passing to 

limit as n — °=>, we get llx*-y*ll ^ +c3“ that is, 

*" 0 "* ^ o"*”^ 

1 x*(t^)-y*(t^) 1 =0, This is a contradiction. Thus we complete 
»the proof of the theorem. 

COROll/tHT 20, Since Theorem 19 holds for every t^+p in ), 

then we say that the system (3,1.3) admits a unique solution in 

!%,«) . 

3,2 EXISTENCE OH SOLUTIONS OP ADJOINT SYSTM 

We consider the following integral equation: 

00 -fc 

y(t) - / y(s) g(s, t-s)ds + vj y(s-c)ds = K, 
t t^ 


(3,2,1) 
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where K is a n-row vector of constant elements, t^eCa,") and 
y. [to»°°) --^E and is such that the equation (3,2.1) is well- 
defined. This system is said to he adjoint to the linear 
homogeneous system (3.1,4). 

BEmmilOK 21 . A function y![t^,«) — >b"“ of bounfled yaliatlon 
is said to be a solution of (3.2.i) in [t^,t^+<xl , o<a<~, with 
an initial function of bounded Taniaticn if 

y(t) =*(!), for te(t^+a,~) and satisfies the equation (3.2.1) 
for te rfcQ»'fcQ+a ] . 

Suppose that the assunption (A^) holds. So, for 

te ] with t^+a+T<«o , / y(s)g(s,t-s)ds = 0. Consequently 

t +a+T 

the system (3.2.1) takes the following form: 

to+a+T ^ 

- f y(s)g(s,t-s)ds + vf y(s-c)ds = K. 

. . ^ ^0 

Erom this it follows that the problem above is still meaningful 

If ’f’ is known only in (t +a,t +a+T] . 

0 '0 

X be a Banach space and B be a closed, bounded, 
convex subset of X, If S:B — is a contraction and T:X — > X 
is compact with S(B)+q:(B)CB, then S+T has a fixed point in B.Hore 
S{B)+I(B)'5i* <u|u=Sy+Ts,y,aeB J. 

IHEOEEM 23, Suppose that the conditions (A^), (X^), (A^), (Ag) 
and (A^) are satisfied. 

Then, for any ^ eB7( (t^+a,t^+a+ ^]), where 0<a<~ and 
0<2| H |a < 1 , the system (3.2.2) admits a solution in Ct ,t +a3 
with initial function ^ . 
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Proof : We define a function R'*’ as follows: 

, tei. 


' 0 

Mi(t) =1 ^ 

* / m (s)ds, tG [t 


let Is=M{ Et^,t^+a+T]) . 


let B be a set of functions yGX such, that (i) y(t)= 5 !)(t), 

for tG (t^+a,tQ+a+T], (ii) jyj , ++__■,<!, wh^re 

*■ o’ o ■' 

2lKl + 2K 

> " ' - and K.=l4' 1 /'4- , ^ ^ land 

~ l-[ 3 M*(t ,a)+ 2 |yla+aN*(t^,a) 3 - ^ 


1 > 


(lii) lv(t^)-v(t2)j < |ljM^(t^)-M^(t2)l+M*(t^,a)lt^-t2l, where 

v-yl [fo»^o+oc3 . 

In the following we show that B is a closed, boxmded and 
convex set in X* Boundedness of B follows immediately from its 
definition, let y^SX be a limit point of B, So there exists a 
sequence < y^ >C B such that ]y^-y°j p. +a+T] "* 0 as k 

t^+(X+''^ t^+a+'^ f +0C+ "*■ 

Since V (y^-.y°) £ Y (y^-y*^), then Y ( if-y^) = 0 , that is, 

V“ ■‘o 


i{»(t)-y°(t) = G^, for tG(t^+a,tQ+a+ ^3, where is a constant 

n- row vector * Further, since | y^(f^+a+‘'')-y°(f ) | ^ 

ly^-y°l r+ + . „_! ’ ’l'(t^+a+ ) = y°('t(j+a+ t ) . So 

o’ o •' 

y°(t) ='l'(t), for tG(t^+a,tQ+a+T ]. Again j y°l ] < 

ly°-.v^l r . ,+ ly^lr. 4. , i«iirq)lies that |y°| ^ j. . 


1* 
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Set v°=y°l • 


Now 




< |y°(tj)-y^(t^)l+| IilM^(t^)_M^(tg)l 

+ ra*(t^,a)lt^-tg| + ly’'(tg)-y°(tg)| 




. I«*(t,,.)| Vt^l . |yV| 


So, in the limit as k - «>, we obtain 


|y°(ti)-y°(tg)|< |L|M^Ct^)-Mj^(tg)i+L]}»(t^,c,)|t^_tg| . 

This proves that y°eB and hence B is closed. Bor y jy^^SB, we 
set 2 = Xy^+(i«x)y2, where CK A<1. It is easy to see that zGB 
and hence B is convex. 

Bor yeX, we define 


(S.2.3) (ly)(t)=; 


t^+a+ T 

/ y(s)g(s,t-s)ds, te[t^,t +a] 
t 


0 


, te(tQ+a,t^+a+T ], 


and, for yeB, we define 


K-v/y(s-.c) ds, te[t^,t^+a] 
(3,2,4) (Sy)(t)r-'^ ° 


« (t) 


» tG(t^+a,t^+a+T ] , 
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Clearly T:X — >Z, lo sliow tliat 1 is continuous, 
I'or y^jy^eX, 

to+a+ T 


t^+a+ T 

But la]y^(t^)-Ty^(t^)l < / ly^(s)-.yg(G) j j g(s,t^-s) ] is 

~b 


“t +(X+ T 

o 


i lyi-ygl Efc„, v«ti { '5 


t +a+T 

0 


to+a 


and V (Ty^-Tyg) < V (Ty^-aiy2)+lTy^(t^+a)-Ty2(tQ+a) j 


t +a 

P 


1 l^l-ygl ^ 5m^(s)-|vl)aa 


t +a+ T 

P 


+ l^^l-ygl [t ,t +a+T]“ { 


O' o 


Since 


t +a+T 
o 


o 


o' 0 


■fc^+a 


o ^ HI 

V (Ty.-Tyg) = sup I 1 (iy^(t^)- 5 ^y 2 ('^i))-(^yi( 


t ^ ^ m i=l 

0 


t . 
m 1 


< sup ^ £ / ly^(s)-y2(s)l lg(s,tj.__^-s)lds 


m i=l 


^ t +a+ T 
m o 


+ sup Z S ly^(s)-y2(s)l lg(s,t^-s)-g(s,t^_^-s)lds 


m i=l tj^ 


i 


^ [t ,t +a+T]“P,5, { 'f “1 

O 0 JE. jL— jL 


t 4./x-f T 

m ^0 


•" l2^1-5^sUt^,Va+T]“P,?, { 


m i=l t. 


t +a 
o 


< ly^“y2l [tQ,t^+a+T3{ (| m^(s)_lyj )ds 


t +a+T 

+ 1^1-5^21 tt„,Va+.f {° 

0 


Hence bi-ygl [t„,t„+a+-.r ° that iTy^-Tygl [t^,t^+a+T f ° 


O' o 


In tile following we prove tliat S(B)+T(B) T-B . let 
ueS(B)+T(B) . So 

j. "fc +CC+ 

t o 

f K-u/ y(s ~c)ds + / z(s)g(s,t-s)ds, 

1 t 


(3,2.5) u(t) = 


for tG 3 



(t) , for tG(t^+a,t^+a+'’^ ]. 


to+a+ 

|u(t )l + y n 

[to,Va+T] ' ^ oV 

t +a t +a+ T 

0 0 


< iu(t )i + y u + y ^ 

O 4 . 4* 


t 

o o 


+ lii(t^+a)l + I ’H(t +a,t +a+ t 3 


o ' o 


to+a 

< |u(tQ)l+lu(t^+a)l+ y u+2l'l'l^^ 4-af't^+a+T ] 
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^o+a 

■fc 

. o 

to+a+ r 

But lu(t^)l < |k:| +/ i 2 (s)| |g{s,t-s)|as 

i; ^ 

Q.^ 

■t:^+a+ 

< lK| + jzl , . r ( Im (s) 

- I I It [t^,t^+a+T] :j. '' 2 “ivS-' - 

0 

< |Kl + Lll*(t^,a) 

■^Q+a t^+a+T 

and ju(t^+a)| < iKj + luj f ly(s-c)lds+/ lz(s)|jgi 

^0 * 0 +“ 

< iK| + a| w| 1 + I M»(t ,ci) 


o m 

Further, V u = sup Z tu(t.)-u(t. J| 

■fe^ m i=l ^ 

„ t. 
m 1 

< I ul sup £ / |y(s-o)| ds 

t . 

m 1 

+ sup Z / lz(s)l lg(s,t. .-s)lds 
m i=l t^_^ 



< 


I a 1 y 1 ^ t^+a+ t] 1^1 It^jt^+a+x];^ ^2 

o 




[t^jt^+a+T] ® 


to+a+ T 

/ N(s)ds 
t 


I )ds 

s,t^+a~s) I ds 


_l-s) 1 ds 
2^(s)-}^^| )ds 


< jpj a L + L M*(tQ,a) + L a N*(t^,a) 



80 


So 

t'^1 r-t t +a+T]— +3IiM*('ij^,a)+2a|i^ jli+I»aJ5’*(t »a)< Ii. 


Also, for t. ,t„e [t ,t +a ], 
X ^ o o 


'‘'2 '*'2 

|u(tj^)-u(-6g) 1 < lull/ ly(s-o)|ds| + |/ la(s)| |g(s,t.-s)|iis| 

\ 


■t^+a+ t 

0 


+ / jz(s)l lg(s,t -s)-g(s,tp-s)|ds 


^1’'! lyitt„,t„+a«liV^^2l 

•fc„ 


0 ' o 


■*• (t„,Va+t]l |m^{s)-|ul)as| 


t +CX+T 

o 


[t »t +a+T]{ N(s)lt^-t2|ds 
O 0 


£ |li| ij t^-tgl+1 I ||M^(t^)-M^(t2) j-| ii| 1 


Hence uOB • 

Proceeding as aloTe it can "be sbovm that S(B)CB, 
that is, S:B — >B* Hext to show that S is a co 32 braction, 
I'st y^jy-gOB. How 
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t +a+ T 
0 




= |Sy.(t )-Sy2(t^)i+ V (Sy^-Syg) 

X "X; 


t +a 
0 


< V (Sy^-Sy2)+lSy^(t^+a)-Sy2(t^+a)l 


t +a 
o 


< 2lvl / lyiCs-=)-yg(s-o)l'is 




< 2jyl 05 jy^-Ypl [t ,t +a+ T ] 


0^ 0 

So S is a contraction. 

Now we prove that T is a compact mapping of B, that 
is* to show that T(B) is contained in a compact set in X. 

Por this it is sufficient to prove that every sequence < z > 
in T(B) has a sub-sequenoe < > which converges to a point 

in X. let G= {w|w=zl [t^.Val, ^eT(B) ). Brom the assumptions 

on g it follows that GCl^([t^>t^+o:l) • w6®> 

t +(X 

1|W II t, lw(Vl +{° 

^0^ 0 o 

t -f(X+ ^ 

< f ly(s)l|g(s,tg-s)las 

"^c 
t +a 

+ / ly(t)llg(t,0)ldt 

% 

t •f’CC t / ^ \ 

+ / if° |y(s)ll at 
^0 

t +a+'^ 

-0 
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■fco+a 

ft jt +a+T];(' (f jyl)d1 

w vJ 0 

0 


■t^4‘a4' T 


+a+T]{ ^ I lT(s)ds]dt 


O' 0 


't t 
0 0 


< Ii E2IvI*(t^,a) + a N*(t^,Q;)] , 

to+a+ T 

since w(t)= / y(s) M|Ai=:sl g(t, 0 ). 

ij 


So G- is 


uniformly bounded. Further, 


■f^Q+a+'T 

f l#(t+a)-.i^(t)|dt < / 1/ ds-/ y(s) ^^^^=^^ds|dfc 


t^ ' t+<T ' 8t 

to+a 

+ / |y(t+ar)g(t+a, 0 )-y(t)g(t, 0 )|dt 

■^o 

t +a t +a+T 

< / [ / l7(s)l| , 8g(s,t-s) |a^p^ 

t t+ CJ 

0 


to+OC 

+ / I / |y(3)|l 

^0 


V“ 

+ / ly(t+®)g(t+a,o)- y(t+<j) g(t,o)|dt 

t_ 


to+a 


+ 4 sC'bjO) - y^'^) g(t,o)idt 


o 


t +a t +a+T 

<!,/[/ I 8fi(s,t+c-s) 


t a 
o 


V“ 

Ii f I / 1(3)13 1 dt 


■’^0 
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t +a 
0 

+ I* / lg(t+o,o) - g(t,0)ldt 
■^o 

to+a 

+ / ( § m (t)_| u| )ly(t+a)-y(t)}dt 

^0 


and/ ( i m (t)-|ii| )|y(t+<^)-y(t)ldt 

to+a- cr 

= / ( ^ 2i^(t)-.i )|v(t+a)-v(t)l dt 

■^0 

t +a 

+ / ( I m (t)-j ij|)| i|»(t+a) - v(t)jdt 

t^+a- cr 

to+a-cf 

< / (| m^(t)-| p| )[|LlM^(t+cT)-.M^(t)|+M*(to,a) a ] dt 

■^o 

to+a 

to+a 

+ L / (i m (t) - \v 1 )dt. 

to+a- a ^ ^ 

Hence from assumptions (Ag) and {A,^) it follows that 

t +tL 

lim / l^UrCt+cj) - ■^(t)|dt =0 uniformly in w. 


a - 0 t 


o 


Consequently lay lemma 1 we conclude that G- is relatively 
compact* Next we set ^ ’ where z GT(B) . So 

< >CG. Since G is relatively compact then the sequence 

k. 

< w^ > h as a subsequence < w say> such that 


(3,2.6) 


II [t^jt^+a] ** 0 a-s i ~ » 
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where 
k. 
< w ^ 

<z^> . 


w°eAO( [t^,t^+a] ) . Corresponding to the suhse^uenoe 
> of < w*" > we consider the subsequence < > of 

We define z°: [t .+. 4 .ryj.Ti 

0 * — »E as follows; 



tG [t^ , t^+a 3 
tG(t^+a,t^+a+ T] , 


So £X . 


Again we see that 


e°' 

z — z 


■‘o+‘'+^k. 


*fc 

0 

k. V“ k 

< |w ^(t^)_w°(t^)|+ y (w ^-w°) 

% 


+ jw ^(t^+a)-w°(t^+a) I 


k. k. 

< Iw ^(■tQ)-w°(t^)l+ / I# ^(t)_^°(t)|dt 

"tr 

o 


+ II W ^-W°|| r, , 


k 


o' o 


< a II w ^-w II [ ] 


Hence from (3^2,6) we ohtain 


Ct^.t^+a+tT ° ^ • 

5?his proves that T is a compact mapping of B, 

From lemma 22 it follows that the operator S+I 
kas a fixed point in B* Let it be y°. So from (3.2,3) 
aiid (3,2,4) we obtain 


t Q -fcQ+a+T 

j K-v f y (s-c)ds + / y°(s)g(s,t-s)ds, 
■^0 

y^C-b) = , 

i 4) ( t) , te(t^+a,t^+a+T] . 

This completes th.e proof of the theorem. 
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te[t^,to+a] 


3,3 BEPEBSMTAIIOE- OF SOLUTIONS 


let the ass-umptions (A^) - (Aq) he satisfied, let 
x(t) = x(t,t^,j2f,h) , for t >_ t^, he a unique solution of (3,1,3) 
with initial function 0 G at t^G(a,“) , let T(s,t) he a 

n X n matrix the elements of which are defined for t > t^ and 
sGEt^jt] with values in R and are functions of hounded variation 
in s for each t, let Y(s,t) = 0, for s > t and Y(t,t) = B, 
where 0 and E are n x n zero and identity matrix respectively • 
Further, let Y(G,t) he a matrix solution of 

oo s 

(3,3,l) y(s) - / y(0)g(e,s-6)d0 + y/ y(0-c) d0 = K 

® ”^0 

for sG [t^,t ] , where K is same as in (3,2,i), that is, 


(3.3.2) Y(s,t)- / Y(0,t)g(0,s-.0)d0 +u7 Y(0-c,t)d0 = t , 

s ^o 

where ^ is a n x n matrix with each row K, Since Y(0,t)=O 
for 0 > t, then (3,3.2) reduces to 


(3.3.3) Y(s,t) - / Y(0,t)g(0,s-0)d0 + V / y(0-c,t)d0 = K, 

s ^o 

for t ^ t^ and sG[t^,t3 • 

Integrating hy parts we obtain 

*t/ "t/ 

Y(t,t)x(t)-.Y(tQ,t)x(tQ) = I Y(s,t)}x(s)+^,t)x(s)ds 


(3.3.4) 
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Now 


(3.3.5) / Y(s,t)±(s)ds 
■^0 


t 0 

/ Y(s,t)[yx(s+c)+ / g(s,e)x(s+e)de+h(s) ] ds 


-T 


t to 

v/ Y(s, t)x(s+c)ds + / Y(s,t) [/ g(s,e)±(s+e)de] ds 

t^ t - T 

0 0 


+ f Y(s,t)h(s)ds 
t 

and ° 

t 0 

(3,3.6) / Y(s,t) [/ g(s,0)5:(s+0)de] ds 


t s 

/ Y(s,t) [ / gCsj0-s)*(0)de 3 ds 
t„ S-T 


t t 

/ Y(s>t) [ / g(s, 0 -s)±( 0 )d 0 3 ds 

t^ t^— T 


t t 

= / [/Y(s,t) g(s,0-.s)ds3 x(0) d0 

t - Tt„ 

0 0 


t 

/ 

t. 


[ { / Y(s,t)g(s,0-s)ds ^ x(0)3 ^ 


V" 


t t 

/ dg [/ Y(s,t)g(s,0-s)ds3 x(6) 




0 t 

-/ d. [/ Y(s,t)g(s,0~s)ds] x(0) 

"h « V ® t 
0 o 

t t 

/ [/ Y(s,t) g(s,0-s)ds3 x(0) 

t ® t 
0 0 
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t t + T 

o *0 

= - / d [ f Y(s,t)g(s,9-s)ds ] x( 9 ) 
■’^0“ ■^o 

t t 

- / d [ / Y(s,t) g(s,9-s)ds] x(9), 

6 


S- T 

where we used the fact that f g(s,9-s)5;(9)d9 = 0 
t t 

/ g(s,e-s) 5:(0)de = 0, / Y(s,t)g(s,t-s)ds = 0, 


9 


t "*"0 t 

/ Y(s,t)g(s,t -T_s)ds=0, / %,[ f Y(s,t)g(s,0-s)ds ] x(e) = C 

t t.- r t +T 

o 00 

0 

and / Y(s, t)g(s,6~s)ds = 0. Further, 

^0 


t t+c 

( 3 , 3 , 7 ) / Y(s,t)x(s+c)ds = J Y(e-c,t) x(9)d9 

t . 

0 t 

== / Y(9-c,t)x(9)d9 + / Y(9-c,t)x(0)d6 

t+c t^ 

0 o 

t 

- / Y(9-c,t)x(9)d9 
t+c 

■*0 

= / T{8-0,t)x(e)dB 


t +C 
0 


t 

since / Y(e-c,t)x(e)de=0* 
t+c 


t 0 

+ f f Y(swc,t)ds3 x(9), 

o 0 

Hence making use of (3,3,5), (3,3,6) 


and ( 3 , 3 , 7 ), we obtain from (3,3,4) that 
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(3.3,8) 


x(t) = Y(t^,t) 0(0) - f 

t 


0 


t +T 
0 

-r'^0 ^ ^(s,t)g(s,e-s)ds] x(e) 

0 


t 

0 

+ Y(e-c,t)x(e)de 

t +c 


t 

+ / Y(s,t)h(s)ds 
"t/ 

O 


■[ v/ Y(s_e,t)aslxC8) . 

° ® to ' 

With the help of (3,3.3), we can write (3,3.8) as follows: 

■fe ^ 

(3.3,9) x(t) = Y(t ,t)«o)- / a r /Y(s,t)g(s,e-s)asi!^( 9 -t ) 

t 

+ yy Y(0— c,t)0(9_t )d0 + / Y(s,t)h(s)ds . 

to+c o 

This is the retj^uired representation of the solution x(t,t^,0,h). 

_GrENEIUIi ADJOINT SYSTEM TO LCTBAR HOMOGENEOUS SYSTEM , 
het the assumptions , iA^)^(A^) he satisfied. let 
x(t)=x(t, t^,0) , for he a unique solution of (3,1,4) with 

initial function 0eAG(y at t^e(a,<=°). let y(t) he a solution 
of (3.2.1). 

Now we consider only such walues of t>tQ such that 
^ shall later remove this restriction. Integrating 

hy parts we obtain 

*tj "tr 

(3.4.1) y(t)x(t)-.y(t )x(t )= / (dy(s))x(s)+ / y(s)±(s)ds 

0 0 

t t 

= / (dy(s))x(s)+ u/ y(s)x(s+c)ds 
t„ 
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r ° 

(X sCs j0)x(s+9)d0) ds • 
■^0 -’■ 

But 

t 0 

(3.4,2) / y(s)( / g(s,0)5:(s+0)d0)ds 

t -T 

O 

t s 

= / y(s)( f g(s,0-s)5;(0)d0)ds 

% S-T 

t t 

= /y(s)( / g(s, 0 -s)±( 0 )d 0 )ds 

t^ t -T 

0 0 

t t 

= / if y(s)g(s, 0 -s)ds)±( 0 )d 0 

t^~T t 


= [( / y(s)g(s, 0 -s)ds)x( 0 ) 

i; ^ 

0 

t t 

- / d ( / y(s)g(s,0-.s)ds) x(0) 

t -T ® t 

o o 

t t 

- - f <3.q( / y(s)g(s, 0 -s)ds)x( 0 ) 
* 0 - ■^0 

t~ T t 

- / d ( / y(s)g(s,0-.s)ds)x(0) 
t t 

O 0 

t t 

- f d ( / y(s)g(s,0-s)ds)x(0) 
t-T ^ t 

to+i: 

= “ / d ( / y(s)g(s,0-s)ds)x(0) 

•fc •• "b 

o 0 

t- T t 

- / d ( / y(s)g(s,0-s)ds)x(0) 

e 

t t 

~ / d ( / y(s)g(s,9-s)ds)x(0) , 
t-T^ 0 


since / g(s,e-s)i(e)ae = o, / g(s,e-s)i( 9 )ae = o 


"t/ “[j 

/y(s)g(s,t-s)as=0, /y(s)g(s,t^...3)as=0, / y(s)g(s.9-3)as=0 

° t ° 

0 t 

{ . y(s)g(s,e-s)ds)x(e)=0. IHirther since 

t— T -fc+T 

/ dgC / y(s) g(s,e~s)ds)x(e)=0, we have hy adding and subtracting 


t t+T 

{" t to right-hand side of (3.4,2) 


(3.4,3) / y(s)( 7 g(s,e)x(s+0)de)ds 

/ d ( / y(s)g(s,e-s)ds)x(e) 

t-T t 

0 0 

t- T t+T 

- f d ( f y(s)g(s,e-s)ds)x(e) 

t t+ T 

- f d ( / y(s)g(s,e-s)ds)x(e) 
t-T° e 

t t+T 

+ / d ( / y(s)g(s,e-s)ds)x(e) 
t-T*^ t 

t + T 

= - / < 10 ( / y(s)g(s,e-s)ds)x(e) 

t - T ® t 


t t+T 

- / d ( f y(s)g(s,9-s)ds)x(e) 

"=0 9 


t t+T 

+ / ^q( / y(s)g(s,e-s)ds)x(e) . 

t-T ^ t 
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Again 

(3.4.4) 


Using (3 
(3.4.5) 

t 

Since / 

t 

/ 

t. 


i t+c 

/ y(s)x(a+o)ds = / y(s-o)x(s)ds 

t 

0 t 

= I y(s-c)x(s)ds + / y(s-c)x(s)ds 
t+c + 

0 ^0 

t 

- / y(s-c)x(s)ds 
t+ c 

t 

r° / t s 

= J y(s-c)x(s)ds + / d [/ y(e-c)d9]x(s) 

t+c t ® t 

0 0 0 

t 

- / y(s-.c) x(s)ds 
t+c 

.4.3) and (3,4,4), we can write (3,4, i) as follows: 


t t+T t 

y(t)x(t)- / d ( / y(s)g(s,e-s)ds)x(e)+ vf y(s-c)x(s)ds 
t-T t t+c 


t^ t + T t 

0 0 o 

= y(t )x(t )- / d ( / y(s)g(s,e-s)ds)x(e)+u/ y(s-c)x(s)ds 

Vt ^=0 v= 


ij 0 

+ / ig [y(0) - / y(s)g(s,e-s)ds+P / y(s-c)ds ] x(9) . 


e 


d_( / y(s)g(8,e~s)ds)x(e)=0, we oUtain 

® t+T 


t+T 9 

fy(e) - / y(s)g(s,0-.s)ds + v/ y(s-c)ds 3 x(9) 
® 9 t. 


t “ 6 

= / <in[y(©) - / y(s)g(s,e-s)ds +V / y(s-c)ds3x(9) 

= 0 , 
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noting that y(t) is a solution of (3,2,l), Hence (3.4,5) cpji 
be written as 

t t+T t 

( 3 . 4 . 6 ) y(t)x(t)- f d ( / y(s)g( s, 6 -s)ds)x( 6 >m/ y(s-c)x(s)ds 

^ t-x® t t+c 


t t + T 

= y(t )x(t )- /° d ( /°y(s)g(s,e-s)ds)x(e) 

0 O ^ *t; 

0 O 

t 

0 

+ y/ y(s--c)x(s)ds, 

t +c 
0 

for t>t + T , tha-t 13, E fe,y) = B^(3;,y), for -1:^^+^ , whore 

0 ^0 

]B. (x,y) denotestiie left-hand side of (3,4,6). Since (xjy)- 

iJ 

B (x,y) for t and t arbitrary such that t>t^+^ , then it is 
"^0 ^ 

easy to show that IB|!C,y) = IB^^(x,y) for t>t^. Hence we have 


( 3 , 4 , 7 ) y(t)x;(t) - f d ( / y(s)g(s,e-s)ds)x( 0 ) j, 

t— T t • 

t 

+ v/ y(s-c)x(s)ds ; 

t+c 

to to+ 

=y(to)x(to)- / f y(s)g(s, 0 -s)ds)x(e) ; 

to 

+ y/ y(s-c)x(s)ds, 

t +c 
0 


for t > t^ . 
— 0 



CHAPTER 4 


PERIODIC SOLUTIONS 

This chapter deals with periodic neutral functional 
differential equations . We establish some theorems on the 
existence of periodic solutions of linear and quasi-linear 
systems by using fixed-point-theorem technique, 

4,1 ETCSTMCB MD UHIQUEHBSS OP SOLIJTIOHS , 

We consider the following systems of linear and 
quasi-linear neutral differential equations: 

(4.1.1) || » f(t,a^,z^) 

= f(t,x;^,lj.) + h(t,x^.,±^, v) 

where fs(a,«») x AC(I^) — » E^, hi(a,~) x AC!(Iq) x C- 

yQ> 0 and f(t, \|> , ^ ) is linear in'f' . By an admissible function 
we mean an absolutely continuous function x:[’'^-t ,ti 2 ]«^E^, 
where aC "^yn^and n 2 may vary with x, How suppose 

(a^) f(t^X^,^^) is measurable as a function of t for each 

fixed admissible x, 

(ag) |f(t, )| < K II for teCa,**) and ), 

— o 

where K is a positive constant , 


94 = 


(ag) 

( 3 - 4 ^ 


j '^ ) measurable as a function of t for each 
fixed admissible x and v g[-- » Vq], 

lh(t, v)i IK U\) 

for tG(a,~), and ugUv^Uq] where 

Ii;[0,Hd 3— is a continuous, non-decreasing function 

with Ii(o) = 0, 


o 

tl^GiCCl^) and '"o where ti t [0,Syo4->Ii+ is 

a continuous, non-decreasing function with n(0) * 0* 

(ag) h(t,tp , i ,0) « 0 for all tG(a,<«) and t|,eiC(I^). 

lEMiBBff £4* Suppose that the assumptions (a^)-(ag) are satisfied* 
Then, for t„e(a,~), 8leJC(I^), anayel-ifc.tU 

admits a unique solution xCtjt^,^, v ) existing for teft^.t^j+p ] , 
where ^ > 0 • 


Proof ! We define a function ?s 1 1^- 'f»~) as in Cl*2.4), 

and a sequence ^ x^ > as follows* 


(4.1.3) 


i°(t) -?(t), fort6lVx,VP] , a=i4 

A(0)= i<ce). ee^o 

x^ct) . 0 ( 0 ) + } f(o,^^ '> 


/ n(s,r^^,5j'S>‘)ao, for teft^.VPl , 


where * 


# 


i 
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Clearly x^s are well-defined. In +hp • 

X eu, j.n tre following we show 

that the sequence < x^ > is Cauchy, l>or + 11 . • 

y * or this it is sufficient 


to show that 


)^+l 


X 




Now 

(4.1,4) 


t +p 

* / - ±\-t)\ dt 

^0 


■*^o+P 

•fco+P 

+ / )|dt 






< K / II dttL(l )i| ) / cLt 

0 0 t^ O 

<(K+l(ly|))/ 11 dt. 


0 


o 

easy calculation shows that, for tG tt *t +6 ) , 

t 

/ 

t^ 

and llx^-x°l|j < 2[2K11 ^2^11^ + n ( | y| ) ] (t-t^) . 

1j o 


ll^-^^lll < 2 (K+L(| ul )) / ds 


SO, for te 3 » 


(4.1.5) ||xfc_2i-llL < . M(K+L(l)-l))'^^(2Kll +l(|'‘l)) Ij- . 

t o 
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From (4,1,4) and (4,1,5) our assertion follows. 

From tlie completeness of the space [t^-T,t +p]) , 
it follows that there exists an x*8AG([ ) such that 

(4,1.6) II X -x*y 0 as k - 

Purther, since, for te ] , | x’^(t)-x»(-t) [ < l|x^-x*|L,. 

~ ‘■^o” ^ 

and jjx *"X*j| j < 2 j|x -x*|j ^ ^ , then passing to limit 

t '■o' “o 

in (4*1,3) as k - “ we obtain 


X* (e) = 0(b) , eel 

^o o 



This proves that x*(t) is a solution o : (4.1,2) 


To show that the solution x*(t) is unique we proceed 
exactly in the same way as in Theorem 4. 


4,2 PERIODIC IIITEAR SYSTIMS . 

let f (t+w',Tfi , t{) ) = f(t,ij),^) for all t BAG(I^) and te(a,‘»), 
where t< w. Suppose that the assumptions (a^) and (ag) are 
satisfied. So, for 0QMi(l^) and t^e(a,«‘), the system (4,i,i) 
admits a unique solution z(t,t^,JZf) existing for teft^,t^+p], 
where p>0. We define a mapping TsAG(I^) — >AO(I^) by 
TjZl(0) = 2 ^ (6»'fcQ»0)f ■9^Gl^« 
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LSMMA 25, Suppose, for t^e(a»~) 

t + “ 

0 

(a^) lim S I ^+j.0 ) “ »2 , ,z, ) j dt = 0 

' O'-* O f^+W-T 

0 

uniformly with, respect to admissible z. Then the operator T 
is completely continuous. 

Proof : For, 0^, 0^&AO{1^), 

11 Ii!(^-T02lll = INt 

o 0 0 0 

< 2e*” II c( - . 

o 

This proves that the operator T is continuous. 

In the following we show that T takes every bounded set in 

AG(I^) to a compact set in AO(I^). Let L* be^ounded set in AG(I^) 

that is, D* = eAC(I )| |j ^ < M ). To prove that T(I>») is 

° ■^o"" 

relatively compact. For 0T(D*) , 

!!♦ Ill = IWIb = IK ^ 2e®“ll!l|li < . 

0 0 0 0 o 

So T(D*) is uniformly bounded* Further, since 
0 0 

_T —T ^0 ® 

t +<*) 

l^s+‘^,t^,520-2(s,tQ,5^)lds 
t^+tl)— X 

t +“ 

^ f lf(s+o,Zg^^,,^^jj)-f(s*Zg,Zg)lds, 

t +(D- T 
0 

then from assumption (a^) it follows that 
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0 . 

lim / I ^(e+<^)-.Ke)jde = o 

0 —X 

■uniformly in 4* , 

Hence from lemma 1 we conclude that T(D») is relatively 
compact. Consequently the mapping I is completely continuous. 
imOM 26. Suppose that the assumption (a^) is satisfied, 
let the system (4.1.1) admit a non..trivial solution z(t,t_^,!^) 

such that 11^. < ”i. where 0 < HX p and 

o O 1 ^ 

II Iff- let the solutions of (4.i.i) satisfy the condition 

that U implies ^.„(t^,!^) - JZ(°| < u where 

o 0 o 

z(t,t^,(2() is any solution of (4.1. i) with initial function 0 

at t • 
o 

Then the system (4,l,i) admits a non^trivial periodic 
solution of period w • 

Proof: Let B = {^ eAO(l^) j || } . Clearly 0 

does not Belong to B and B is not empty. Moreover, B is a 

hounded, closed, convex set in 40(1 ) , 

o 

It is known that a solution z(t,t^,0) of (4,i,i) is 
periodic of period w if and only if z. _^„(t ,0) = 0^ We define 

to+ 0 

a mapping T:B -^AC(I^) hy T^f(e)=z^ Prom lemma 25 

. 0 

it follows that T(B) is relatively compatt. Clearly the mapp ing 
T is continuous. Next we show that T(B)CB, Let eT(B) . So 
there exists a 0eB such that 'f'=:T0* Now 

II '^<^lii = 

0 0 o 
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So ^eB, Consequently, from Theorem 14 it follows that T has 

a fixed point in B, let it he 0 * , So T^* = 0*, that iSf 

Hence the required periodic solution is 
o 

zCtjt^y^*) • This completes the proof of the theorem. 


4,3 PEBIOIIO QLllSI-lINEiffi SYSTEMS . 

In this section we consider systems (4,l,l), (4,1 ,e) and 
(3,1,1) where f(t, ^ is linear in « let f(t+<u, ^ , ^) = 

f(t, ^ ^ hC-tfi^, 'P t h, u ) ~ h(t, i u ) and h(t+“) = h(t) 

for all te(aj«>), v e [-Pq, Pq] and ’I' eAC(I^), Unique solutions 
of the above mentioned systems shall be denoted by z(t,t^>0)j 
x(t,t^,0, y) and x(t,tQ,0,h) respectively. So we can write 


x(t,tQ,0,h) = z(t,t^,0) + / Y(s,t) h(s)ds 

■^o 


x(t,tQ,0, V) = z(t,t^,0) + / Y(s,t)h(s,Xg,±g,y)ds, 

o 


(4,3 , l) 
and 

(4.3.2) 

where Y(s,t) is same as in 3,3, 

THEOKE?(I 27, Suppose that the assumption (a^) is satisfied. 
The system (3,l,l) admits a periodic solution of period ta if 
and only if the system (4.1.1) does not have any periodic 
solution of period “ other than the trivial one • 

Proof . From (4,3.1) we write 

t +0)4-0 
O 


X 


o 


(e,t ,^,h) = / T{=,t„+»«)Ji(6)aa . 

° O t 



100 


we define an operator T: AC(I^) — >AG(I^) by Tj 2 f(e)=: 3 _^ ^ 

From lemma 25 it follows that the operator T Is completely 

continuous. Now x(t,t^,J^,h) is periodic of period “ if and 

only if tg , , h) = 0, that is, if and only if 

’o 


t^+6H-e 

0(9) = 10(9) + / Y(s,t +«M-0)h(s)ds, 

that is, if and only if, 


t +(i)+e 
0 

(I - T) 0 ( 9 ) = / Y(s,t +«»H-9)h(s)ds • 
t 

0 

-1 

Since T is completely continuous, then exists if and 

only if ( 4 , 1 , 1 ) has no w -periodic solution other than the 

trivial one. This completes the proof of the theorem, 

IHEOHEM 28, Suppose that the assumptions (a^)-(a^) are 

satisfied. Let the system (4,1,1) admit a non-trivial solution 

z(t,t^,0°) such that [jz^ +<^(^>0°) ~ 0°ili i f where 

^o 0 

0 < N < i N*, and |1 0°l|-r = N* . Let the solutions of (4.1,1) 

1^1 Xq 1 

satisfy the condition that 1| 0 - implies 

0 

llzt + Jt^,0) - 0°|lj < I N^, Further suppose that there exists 
''0 0 

an integrable function Js(a>'”) such that 

lT(s,t^)-Y(s,t2)l < J(s)|t^-t2l 
for sGCt^,min (t^,tg)] and 

lim / 1 I . y(s,iH-‘^) - L I(s,t)|ds = 0 
a-*ot^ 

uniformly in tH^^* 
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Then, for snfflolently small n lA [ . , the system 

(4.1.2) admits a periodic solution of period «i . 

Proof: Let P :dO(I^) T = hO(I^)-,,o(:^ondS,.lC(l.)-^0(y 

he defined hy tl«e) = „ (e , t„,j(, , ) , .^(e) = aid 

S^ie) = / Y(s,t^+at9)h(s,x^(t^,^(, 

0 

respeotiYely, where t^e(a,"=) and P 6 . Jrom (4.3.2) it 

follows that U=I+S. Since it is known that a solution x(t,t^,j 2 (,v ) 
of (4.1.2) is periodic of period o if and only if _^J.t^,0°,v)=0, 

then it IS sufficient to find a fixed point of the operator U, 
that is, of f+S. 

5'rom lemma Z5 it follows that the operator T is completely 
continuous • 

Let ^{♦e^{I^)| Clearly *.0 does not 

belong to B and B is not empty. Vreover, B is a bounded, closed, 
convex set in AC(I^) . 

In the following we show that (T+S)(B)CB. let 
«e(H.S)(B). So u=T?(eS f, where and ♦ are in B. Now 

II II T|2(-|<(°||j + II S <'11 and 

O '0 -^0 

0 


11 S = |sti<-T)j + / js ^(e)jde 

O 


o 

“fc + Ci3L-T 

o 


But |S^(-T)j</ lY(s,t +«_t )1 |h(s X ft , W N M 


ds 
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*ti “f* T 
O 


< Eg -f y), „)|ds 


S'* O' 


< Kg“ <\ '“i). 

since T(s,t^+w-T), sG [t^’^+cu-x ] being bounded variation in s is 
bounded , 

Stirther, 

0 "^o"^ ^ 

/ j S ^e) 1 de < F / j|x-zj|j ds + Tn ( |p [ ) 

"■ t^+ (0- T s 

and, for te ft ,t +ii>l 
o' o ^ 

II X-Z{|j < 2 <0T(|yj)e^“ , 

t 

Hence jj S < Ek^ »+2taK ^ “+ ^ln(jul) 

0 

This is possible for sufficiently small P because n (o)=0 and ^ 
is continuous. Consequently, 


0°|lx + 11 Si> II . 


< i U + i N 
-21^2 \ 


So uGB, 


Next we show that S is a contraction. For 0 ,0^Q4iC(l ), 

X w O' 


lWi-S!!(glli = lS|zf^(-T).S(i(g{-T)|+ / |S?( ( 6 )-S^ (e)|d 0 . 
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But lS0 ^(- t)-S02(-t)1 

t +W_T 

<J lY(s,t^+‘^-T)l jh(s,Xg(t^,{^^,y),*g(t^,i2f^, y), v) 

^0 

-.h(s,Xg(t^, 02 ,y ),±g(t^,j^g,ii), ]i)\d.s 

t +u 

< KgL(!>Jl) / Ux^Ct^.lZf , m)-x (t ,!Z(„,w) llj. ds 

*0 ° 

< g«gL(|ul) II 

and 


S Is^(^(e)-S 5 ?l 2 (e)lde 

1 (t^+ 1 )■ / {/ J(s) l|x({2f^) -xCjZfg) |jj ds } de 

-T - s 

+ (V‘«))L(tvl) / |x(52f )-x(0.)iU de 

-T t^+uH-e 



< (t +»)L(| u|)[EJ*T«. e2(>^+I'(l''l))oi|| ^ II 

1 ±0 


+ 2'oj e 


11 2 * 1 - Phalli 1 

o 


2 (K+L (1 ))<^ 
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ConseG_ue''tly, 






Hence, Icr sufficiently small p, S is a contraction. This 
follovfs from the properties of 1(1 uj ) . 

?rom lemma 22 it follows that T+S has a fixed point in 
B. let it he 0 * • So the required periodic solution is 
x(t,t Itirther lim x(t,t^,0*-y) = z(t,t^,0*) . 

o p 0 

This completes the proof of the theorem. 


CHAPTER 5 


STABILITY 


In tliis cliap'ber we establish theorems on uniform statiliti 
uniform asymptotic stability and exponential stability with the 
help of LiapumoT functionals* Some converse theorems are also 
proved • 

5.1 KBEIRITIOHS 

We consider the following neutral functional differential 
equation: 

(5*l»l) = f(tjX^ji^)y 

where f:R x: AGjj(I^) — Suppose that f satisfies conditic^s 

so that, for t^CH and ^6ACjj(I^), the system (5,1, l) admits a 

unique solution x:(t,t^,^) existing for t >_ t^. So 

X(.,t^,0): [t^-T,oo) — is an absolutely continuous function^ 

such that x:^(t^,!2f) eiCjj(I^) for t > t^, (t^,!2^) = ^ and 

o 

x(t,t^,{^) satisfies (5,1,1) for t > t^ , 

In general f(t,0,0) / 0, that is, x s 0 is not a solution 
of (5*l*l), fiit (5,l,l) can be transformed into another equation 
which has zero as a solution. Indeed, let x'^(t) be a solution 
of (5*,l,l) • Setting y=x-x‘^, we obtain 

^ = sc , 


( 5* 1# 2) 
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wliere = f(t,y^+x° , y^+ x° ) - ip. Clearly 

y = 0 ivS a solution of (5.1*2) and this corresponds to the 
solution x°(t) of (5.1,1)* Hence without loss of generality we 
can assuue that xEQ is a solution of (5.1.1) 

PEHHITIOH 29. The trivial solution of (5.1,l) is stable, if for 
every e>0 and "fc^SE, there exists a 6=6 ( e,tQ)>0 such that 

II llj < 6 implies j| x.(t ,0)1L < e for t > t . 

0 Tr O •“ o 

Pl^HITIpN 30. The trivial solution of (5.1.1) is uniformly stable, 
if 6 in Definition 29 is independent of t^. 

PETIHITICH 3i. The trivial solution of (5.1.1) is weakly 

uniformly stable, if for every e >0 and t^CR, there exists 

a6=6(e) > 0 such that || < 6 implies |x(t,t^,i^){ < e 

for t > t . ^ 

— o 

^EIITITIOIT 32. The trivial solution of (5.1,l) is uniformly 

asymptotically stable, if it is uniformly stable and if given 

e> 0 and i^GR, there exists a 6 q> 0, independent of t^ and e , 

and a T=T( e) > 0 such that j| ^ < 6^ implies jlx^(tQ,0) jj ^ < e 

o o 

for t > t + T . 

“0 

j gJlHITIOl 33. The trivial solution of (5.1.1) is weakly 

uniformly asymptotically stable, if it is weakly uniformly 

stable and if give e>o and t^CR, there exists a &q> 0, independent 

of t^ and e , and a T=T(e)>0 such that jj Ik < 6 implies 

■^o ° 

|x(t,t^,0) j < efor t > t^+T. 



DEFINITIOl' 34, The trivial solution of (5,l,l) is said to he 
exponentially stable if there exist constants B* and a such that 

11 3C. (t < B* ^ j] 

0 o 

for t > u , 

— o 

DEEHITIOIT 35. The trivial solution o? (5,1. l) is said to he 
weakly exponentially stable if there exist constants B* and a 
such that 

|x(t,t^j^)j <_ B* e !I I 

o 

for t > t . 

— o 

Since lx(t,t^, 5 f){ < j| x^(t^,{if) jj j , for t > t^, then 

0 

from above definitions it follows that the xmiform stability, 
uniform asymptotic stability and e3ponential stability of the 
trivial solution of (5,1,1) imply respectively the weak undform 
stability, weak uniform asjrmptotic stability and weak exponential 
stability of the same, 

5*2 irniBOBM STABILITY . 

BEBINITIOl 36. A functional Vs E x is said to be 

continuous in ^ 2 ACg(I^) for each tGE if for every &'>0 there 
exists a 6 = 6 (e-,t) > 0 such that < 5 implies 

lV(t,^) - V(t,^*)l <e . 

THEOBEM 37, Suppose that there exists a funcbional 
VsE X such that 

(i) V(t, 0 ) = 0 and V(t,’f') is continuous in ^ for each t, 

(ii) a^(l’f'(0)|) < V(t, V'), where a^t [ 0 ,H] --»E'^ is a continuous, 


increasing and positive definite function. 




(iii) = T(t,x^) is a decreasing function of t along aiiy 

solution X of ( 5 , 1 . 1 ). 

Clien the trivial solution of (5,1.1) is weafcly stable. 

Proof : Given 0 < ^ <H. Jor a fixed t^Gl, we can choose a 

6 =6 (£jt; )>0 such, that {j < 6 implies ’^(t^? ^ 

° "^0 

claim that |1 < 6 implies tx(t,t^,i^)l< e for t > t^. If it 

is not true then there exists a t^^t^ such that ( 3 c(t^jt^j^[ — . 

Prom property (iii) it follows that 

v(t,,x. ) = ir»(t ) < 7*(t ) = ) = T(t^,0), 

J- o 

that is, f(t^,x^ ) < a^(e). lurtber, using property (ii), we 

1 

obtain 

a^(e) = < a^( O . 

!Ehis contradiction completes the proof of the theorem. 
lITTRDPigJ 58. Suppose that there exists a functional 

VsR X AC„(I ) —>5.'^ such that 

11 o 

(i) a.(l’f'(0)l) < V(t,f) < h (}|f llj ), where a^: [0,H}— 

1 ^ J- O 

ajid b^s IDjH 1 E"^ are continuous, increasing and 

positive definite ■ functions , 

(ii) t»(t) = V(t,x^) is a decreasing function of t along any 
solution X of ( 5 , 1 , 1 ) . 

Ihen the trivial solution of (5.1.1) is weakly uniformly 

stabl e » 

Proof: Given 0 <^< H. Prom the properties on h^{r) it is 
possible to choose a6=6(e)>0 such that b^(6)<a^(e). We claim 
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that 1 x(t,t^,0) j < e , for t > whenever 1{ J^jjj < 6* If 
possible let there exist a t^H^ such that 1 x(t^,t^ ,j2f) j= e . So 

ai(e) = a^({x(t^,t^,{2f)j ) < ) = Y*(t ) < V*(t ) 

o 

and 

''*(%)- )=ir(t^,« < b (ili^ll )< b (5)< (.). 

O j- -^O 

Hence a^(e) < a^( e ) . 

From this contradiction the theorem follows . 

59 , If the trivial solution of (5.1,1) is weakly 
uniformly stable, then there exists a functional YsR x iOg(I^)-ifi+ 
with the properties of Theorem 38, 

Proof: Let G(r), r > 0, be a continuous, increasing, positive 
definite real-valued function. Set 

(5,2.1) YCtj’J' ) = sup^ G(}x(t+<J,t, 4')j) 

for tsR and eAC^d^) . So V(t, M > G( | (o) | ) . 

Prom the weak unifom stability of the trivial solution 

of (5.1.1) it follows that for every e >o there exists a 

function 6=6(e)>0 with the property that \\ 0 \\j < 5 implies 

}x(t,t^,^)j <e for t > t^. The function 6(e) m^ be choosen 

monotonic increasing and continuous . Hence there exists an 

inverse function e(8) with the property that {x(t,t^,0)j < 

0 for t > t^, that is,|x(t+cr,t, I* )| <e (nil'll^ ) for 

O 0. So Y(t, < G( e(| )). 

“o 

Further, for t^ tg. 
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= sup G(|xCt (t ,0))j) 

a> 0 1 -c^ o 

= sup CJ(jx(t +CT,t ,S2f)l) 

a> 0 10 

= sup G(lx(tp+afP,t ,5Zf)| ) 

a> 0 ^ ° 

where Hence 

1 2 

V*(t.) = sup G(}x(t + (^t ,0)1 ) 

1 a> p ^ o 

< sup G(|x(t +a t ,0) j ) 

0 > 0 ^ ° 

< sup G(lx(t +a,t 2 ,x (t ,0))1) 

<J>o ^ ^ Tg o 

<T*(t2) . 

This completes the proof of the theorem. 

Theoraa on the uniform stability of the trivial solution, 
of (5, 1*1) may be obtained by jreplacing the property (i) of V 
function in Theorem 38 by 

aidl ^lli ) < V(t,M < b (114- r ). 

° ^0 

Converse to theorem on uniform stability may also be obtained 
by setting 

V(t, f) = sup^ G(|l x^^oCt, f )llj^) 

in Theoroa 39 • 


1 if -'ll > 



1 
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5,3 mimm asymptotic stability 

DEUMTIOIf 40, The upper right-hand derivative of a functional 
V:R X ACg(l^) along the solutions of (5,1,1) is denoted oy 

V ’^5 ^ and is defined to be 

(5.3.1) 

We shall also some times write 

(5.3.2) "^*(5,1,1) ("fer ^’ ) 

* Gm ^ t'^(t+At,x^^^Ct, ’l’))-’V(t,x^(t,^)) ] , 

where x^(t, t f . 

THBOBM 4l « Suppose that there exists a functional 
ViR X ACjj(I^) -->R'*' with the following propertiess 

(i) a^(jno)l) < V(t,t ) < b^(|j i>\\^ ), 

^*(5.1.1) 

where a^t lOjH] — ^R"*”, b^* [0,H] — ^R"^ and c^i[0,H] ■— > R*^ are 
continuous, increasing and positive definite functions. 

Then the trivial solution of (5.1.1) is weakly uniformly 
asymptotically stable, 

Proof: Set T*(t) = V(t,x.(t ,^)), Since 

ilS ^ f7*(-N'^t) - v*(t) ] 

Afc-*0+ 

* 33m h &r(t+At,xi^^.|.^^o»^^^“^^’^»^^'^o*^^^ 5 
At-K)+ ^ ^ 




1 
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< - 

< 0 , 

whenever ^ ^ 0, then Y^(t) is a decreasing function of t. 

Hence from Theorem 38 it follows that the trivial solution 

of (5,1,1) is weakly uniformly stable. Consequently, given 

H > 0 there exists a 6 =s 6 (H) > 0 such that 11 ^ lir ^ 5 

o 

implies lx(t,t^,f^){ < H for t >_ t^ and for e> 0 there exists 

a 8(e) > 0 such that H ^ 11 j < 6(e) implies (x(t,t ,^)| <e , 

for t > t . 

— o 

To show that, for the 6 determined above and for any 
'0 

Tj> 0, there exists a TsT(n)> o such that H 6 implies 

■*'0 ® 

(x(t,t^,^)| <n for t > t^+T. 

b .(8 ) 

Set TC^) s • If possible let |1 j > &( ”) 

for te[t^,t^+T] • So c:^(|lx^(t^,^)}| j ) > 0^(6 (n)). Consequently 

Hm ^ !5r*(t4-At)-V*(t) ] < - c (5 (tj)), Prom this it follows that 

At-^ ^ — 1 

V*(t)-'V*(t^) <_ - c^(6(n)) (t-t^), for te [t^,t^+T] , that is, 
V(-b»x^(to,0)) < T(t/) - c^(6(n)) (t-t^) 

< \m\i ) - c,(6(n)) (t-t ) 

o 

< b^(6Q) - C^(6(n)) (t-t^). 

So, for t=t^+T, we obtain V(t^+T,x^ ^.5(tQ,0))<b^(6^)-c^(5(’^))T, 

that is, a^(|x(tQ+T,t^,pf) j ) <0, But this contradicts the 
hypothesis of the theorem. Hence there exists a t^ inC t^ft^^+^S 3 
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such that [|x < 6(’^). So from the weak u3iiform stability 

1 0 

of the trivial solution of (5.i,l) it follows that lx(t,t.,x.Ct ,j20)l 
< n for t > t^, that is, lx(t,t^,iZ01 < n for t > t^. Thus we 
obtain | x(t , t^,jzf) | < ’i for t^iQ+T* This completes the proof of the 
theoroa ♦ 

THEOEEM 42 . Suppose that there exists a functional 
VsR X — ^R'*’ with the following properties: 

(i) a^(l| fllj ) < TCt.-C ) < b (11* |L ), 

0 ^ o 


* 111 5 ■ 

i O9 2 * 1 / o 

where ^ ^ Theorem 4i 


Then the trivial solution of (5,l.l) is uniformly asymptoti- 
cally stable • 

The proof of this theorem is similar to that of Theorem 4l, 
THEOREM 43. If the trivial solution of (5,1.1) is uniformly 
as3niiptotically stable, then there exists a functional 
VxR X ACg(I^) — which satisfies properties (i) and (ii) in 
Theorem 42. 

Proof: let G(r), r > 0, be such that G(o) = 0, G’Co) = 0, 

G(r) > 0 and G»*(r) > 0 . let a > 1. Set g(r) * G»’(r). Then 

T U U 

G(r) = / du / g(v)dv , GC J ) = / du / gCv)dv. 

0 0 “00 

Putting u * 2 obtain 

OL 

/ r ^ -I r w/a - r w . 

a ^ “ ff / dw / g(v)dT < - / dw / g(v)dv » - G(r), 

“ “00 ®00 
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Set, ±oj tGR ajid ^ eACg(I^), 

V(t/') = sup G(j|x^ cf(t,f)j|j ) . 

ayp -^o 

So V(^;, ’i' ) 2l llj )« Since tlae trivial solution of (5.1.1) is 

uniforiiily stable then, proceeding as in Theor^i 39 > we obtain 

V(t, < a G( e({| ^ j{^ )) . 

o 

Since the trivial solution of the system (5.1.1) is 

uniformly asymptotically stable then |lx^^(t,’J' )ijj < n for 

o 

> T(n) . Fo may choose 'P(n) to be a decreasing function in n, 

putting ’1= ^ I^'It f we obtain ||x. a(t,'f')l|j < J 

®> 1( - 11^ jij )• Consequently, for O T( J ), 

^ 0 o 


G(l|x^^(t,^)i 3 - ) 

o 


l+g g 

1+ o 


< a S( 1 II 1’ 



< 0(11 ♦111 ) 

0 

< v( t,’{' ). 


Hence 


Y(t,^) = sup 

m / i 


n / 11- 


Gonsequ'=ntly, 
Y(-tH-At,x^^^(t, t)) 


= swo 





l+gg 

1+cr 


= sup 






l+go. 

1+0 




I 




115 


I 


ir: 

f 


Since the function is continuous in cr , there exists a cJ* in 

[0,!1}( ^ l|x^^^(t,tP )l|j )3 such that 

o 

o 

Setting o*+At = <x, we obtain 

0 


fl- ,1 


because 


l+g 

1+<T 


(l+ o*^)(l+aa) 

1+ <y*} C i+a o) ^ 1+ o C 1+ 1 1+ 0^) 


Cf r. (a-l)&t , _ 1+go ocAt - At 

■" ‘•1’" «T*^ 1 4 j_«. «.\i 


— o*+g 0<T*— g ^t 

Cl+o} (l+o*) 


1+a* + a °°*+a o»+ A t 

— iiTj) iijpn — 


1+ g+g g*(l+ g) 
(1+ct) (1+0*) 


1+g 

1+a* 


S« we have 


V{t+4t,z^^^ (t,*)) < V(t,t) tl - 


(l+o»)(l+g0 ) 


1 , 


that is, 


4^ £.(t^At,x^,^(t,*))-7(t,*)]ci^iMi^ , 

where 0 < o* £ T( ~ 


Hence ^ »<' )3 

< ^ l «rl )..yiJjLU 
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Since 3}( e) is continuous and Y(t,^) > G(jj^}}^), then 

0 

(a-l) G(|| ijijlj ) 

v;. . .^(t,^) < = 2 

(5.1.1) - jl^ Ij J| ,pj{ )3 

“ o “ o 

TMs completes the proof of the theorem. 

5.4 EXPOIMlIiL SlABILiaJY . 

In this section we consider 

(5.4.1) || = f(t,x^,±^) , 

where f:R x ^®t f(t,f ,%) be linear in ^ . 

Suppose that f satisfies conditions so that the systCTi (5,4,l) 

admits a unique solution x(t,t^,0) existing for t>t^, where 

t GR and 0 gAC(I ) . 
o o 

THEOREM 44, If the trivial solution of (5,4.1) is uniformly 
asymptotically stable, then it is escponentially stable* 

Proof ; We define an operator * -^(^ 0 ) — >•^(1^) "by 

h 4 . + 0Cq) = 2 :,(e,t J0) for eel and t>t . The mapping TJ . is 

wf t# O O O ^ 

linear due to the linearity of the system (5,4,l) , Purther 


IJ^tjt ^ “ "^tjt ^ il = 11 ’‘'^lll_ 

^0^00 ^ 

< 2 10-^ ij 

0 

Implies that TJ. is continuous for fixed t and t , where !• 
is the Lipscbitz constant of the system (5.4.1). We define 



sup 

Mill 


< 1 



# 


fif.' ««f A 
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So, for each fixed t and IJ. . is bounded, 

o 

Prom the uniform asymptotic stability of the trivial 

solution of (5,4.1) it follows that for t>t^+l 

o 

whenever H Jl^ 1} j £ 6 , that is, IjlJj. ^ 0\\j < ^9 for tH^+1, 

o’” ' o 0 

whenever i ^ ij 1. 5 q • 


f 


He fix e , 0<Hl» Let be an arbitrary element of JiC!(I ) 


o 0 


with 1} < 1. Consequently, [{ 6 < 6^ . So ijUj. + ^ ^ 

o o ’ o 

and hence jj U ^ H < for t>t^+!P, that is, 11 -jj I <^t 

for t>tQ+T^, where !P^( ®) - T( c6q) • 

Since x^(e,t^+!E^,x^ then we 

o 1 

have U 0 = ’'t.t +I (’'t +T,,t 

'o ol ol'o 


11 11 ’’tn^T^il 

< 1 11 i ^ 11 

< I 8* ll . 

o 

for t>t +2T, • By induction we obtain ^11, . 0j}j <.^11 0\\j- 

for t>t +mf, and for all positive integers m. Hence 
— o 1 
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In the following we show that jjU^ t ^ F t 

t>t^. 1*0 r any there exists an m^l such that t^+(m^l)l-.<t 

<t 4 CLT , Prom the unifom stability of the trivial solution of 

O i 

(5,4.l), we obtain j| ^ I! choose 0<6<€ 

and set es=e“^^l for some positive constant a- ^ llil g’ e"^^! > 

for t> t^* Consequently, for t^^ t<t^+T^, t 6 

lurther we have i + 11 t>t +(m-l)I. • So , for m^2, 

t-to ' ° 

|U^ ^ |{ < ^ eT-j^ when t^+(m-l)T^<t<t^+ml^. This Implies 

^ o ^ 

that, for I < I . Hence i< 


1 e-aCt-tg)^ 

Setting B* z= ~ , we obtain E^^^t ^ for t>t^« 

Hence |U ^ 0\j < W ^ \\j > ^>%f '^iiat is, 

K(t ,0)113- < 11 0II3 , for t>t . 

^ ° ■‘‘O o 

3?his completes the proof of the theorem, 

TTTRm?-™ 45. Suppose that there exists a continuous function 
a(t) possessing a continuous derivative for t>p and a positive 
continuous function B*Ct), t>0, such that for every t^>0, 
and ^feAG(I^) the solution x(t,t^,J^) of (5,4:,l) satisfies 

(5.4,8) l3!:(t,t^,0)i < B»(\) e" Wl=)-“Oo>]5 0 . 

Then there exists a functional —>11*' 

with the following properties 5 
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(1) lf(0)l < V(t,* ) < B*(t) IV. IL 

o 

(ii) lT(t, - v(t, I'g)! < B»Ct) , 

0 

(iii) ) < ~ a‘(t) V(t, 4-). 

Proofs Let V(t, ), for teR'*’ and ^eiCCl^), "be defined by 

V(t, = sup [ x(t+cr,t, ^) { • 

oyp 

So V(t,^) > I’J'CO)} and V(t,4») < B*(t) jj ^ l|j • Purtber, for 

o 

obtain 
- V(t, tg)} 

=jsup |xCt4-<i,t, sup IxCt+Ojtjtpg 

o^O a>0 

< sup lx(t4-0,t, * )-x(iH-a,t,t )| 

■" o>0 ^ 

< sup |x(t4-<J,t, to)} 

0>O ^ 

< B*(t) . 

^’(5.4.1) 

= it ))-^('t>t )3 

-ilk |t [sup 

- sup lx(t+o,t,*)l 3 

a>0 
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= Im ~ [sup jx(t+At+cf,t, i 
At-0+ a^O 

- sup 3 

cO^O 

= Im It [sup jx(t+tJ,-fc,^) 

At-0+ ^ cr>_At 

- sup lx(t+cr,t,^) 1 3 

cf>0 

< ITm TT [ sup jx(t+a,t,t 

"■ A-tr-Of- o>0 

< Y(t,« ) iim - 1} 

At-Oi- 

< - a*(t) Y(t,f ), 

That is, ^’( 5 . 4 .l)(t, ^) <- a»(t) V(t,4» ). 

This completes the proof of the theorem 

COROLLARY . 46, Suppose that the solution x(t,t^,0) of ( 5 , 4 , i) 
satisfies, in addition to condition (5,4,2) in Theorem 45, the 
following conditions 

0 

(5.4.3) lim / |± (e,t ,0) - ±^(0,t^,0){de = 0 

T| -*0 — X 

uniformly in t>_ t^. 

Then the functional V(t,’l' ) in Theorem 45 is continuous 
in (t, ^ ) , 


i>3 


f 
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Proof : Now 

+ lY(t+Ti,x^^('fc, ip2))-Y(t,!^g )|. 

But |Y(t+ 7 i,t|»^)_Y(t+n,i|. 2 )l < B*(t+ n) jj 

and lY(t+n,* )-Y(t+n, x. (tj^g))} < B*(t+ri) jj^_ (t, , 

O I Q 

where 1 | if.^-x^T,(t, jj]-^= | j 

— T 

Further, 

lY(t+n,x^^(t,|))-YCt, y } 

= 1 sup|x(-b 4 -n+‘^,t,t )|e®^'*^^^““^^‘*'*'^-sup|x(t+a,t, * ) j 1 

0^0 2 ^ 

= |sup }x(t^'(T,t, tJe“^^'*'‘^^"“^'^’’^-suplx(t+o,t, t 

cT>n 2 o >0 

Setting u( ti) = gup |x(t+a,t, tp) j we obtain 

a> n ^ 

|Y(t+T„x^_^^(t, 4 > 2 ))-Y(t, ^)i=iu(ti)e“^'^^-'“^'^’’Lu( 0 )| . 

From the condition ( 5 , 4 , 2 ) it follows that | x(t+ cf,t,ifig ) | ) oc( ) 
is a bounded continuous function for all Bence u( ) is a 

nonincreasing function of n with u(ti) — u(o) as -* 0 , 

Therefore n -K) and || * 1 ]^ ^ 

A/ |-V 





f 
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|T(t+Ti, i|»i)-T(t,t2) j - 0. 

Tlais proves our assertion* 

THEOHEM 47. Suppose that the condition (5*4,2) in Theorem 45 
is replaced hy 

(5.4,4) 11 izflj 

O o 

where B*(t) and a(t) are same as in Theorem 45* 

Then the conclusion of Theorem 45 follows with the 

property (i) replaced by 

(!)■ 1 ♦ Pi < v(t,* ) < B*(t) !!♦ ilj . 

O O 

The proof is similar to that of Theorem 45 with 

V(t, = sup (t,’{' )|| 3 - . 

ovo -^0 

COROLLARY 48, Suppose that in Theorem 47 B*(t) = B*, a positive 
constant, and a(t) = at, where a is a positive constant. From 
Theoroa 47 it follows that the exponential stability of the 
trivial solution of (5*4, i) implies the uniform asymptotic 
stability of the same* 
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